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Large Deviations of the Empirical Mean

We are now in a position to state an important LDP for sums of i.i.d. random variables.

Cramer’s Theorem: Let {X;}$°, be asequence of independent and identically distributed
random variables taking values in IR and having a common measure P. Assume that the
moment generating function M (6) is finite for every § € IR, and that log M () is steep. For

n=12,..., let
Xi+...+X
Sn: Lt T na
n

be the n-th sample mean. For every closed set F' C IR,

1
limsupﬁlogP(Sn € F) < —inf I(x),

n—00 zeF

and for every open set F C R,

liminfllogP(Sn € E) > —inf I(z),

n—oo N z€E
where I(-) is defined as
I(z) = sup Oz —log M (), z € R, (1)
9eR

We shall present a proof for Cramer’s theorem for the case where the sets F' and E are inter-
vals in IR. We shall also assume for this proof that the supremum over # in the definition of
I(z) is achieved for every x of interest. A more general proof without these two assumptions
may be obtained by finer analytical arguments, but the essential ideas are brought out more

clearly in this simpler case.

The proof of the upper bound follows the same lines as that for the Chernoff bound. The

proof of the lower bound involves the construction of a skewed or tilted distribution: if the
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probability of the set F' (or F) goes to zero under the measure P, we construct a related
measure Py, under which this set has high probability. The relationship between the P and

Py, probabilities of the set provides the necessary asymptotic result.
Finally, before proceeding to the proof, note that by Jensen’s inequality

Op —log M(0) = 0p —logE [eas] < Op —log P81 = 0.

Thus
x < pandf >0 = Oz —log M(6) <0 = sup Iy(z) = sup Ip(z),
9eR 6<0
x> pandf <0 = fxr —log M (6) <0 = sup Iy(z) = sup Iy(z).
9eR 6>0

Proof of the Upper Bound: Let F = [a,b]. If 4 € (a,b), then we know from the weak
law of large numbers that P(S, € [a,b]) — 1. Since I(u) = 0, the claim of the theorem
is trivially true. Therefore it suffices to examine the case when y < a. The case of u > b

follows by considering the random variables —X; and the interval [—b, —a]. Now, for § > 0,

P(S, € [a,b]) = /aden(s)

b
e‘“a/ e’dP,(s)
e*aa/ e*?dP,(s)

-

1 . g 6
ElogP(SnE[a,b]) < (1)121% —aﬁ—klogM -

= —sup ab —logM(0)
6>0

= —I(CL),

IA

IA

and since the choice of § > 0 is arbitrary,

where we have used the fact that ¢ > p. Finally, since I(-) is convex, nonnegative, and

evaluates to zero at p, it is easy to see that

I(a) = inf I(z).

z€[a,b]

This completes the proof of the upper bound. Note that the upper bound, though stated

for the limiting case as n — oo, holds for every n as seen above. [ ]

2



Proof of the Lower Bound: Let F = (a,b). Choose any v € (a,b) and § > 0 sufficiently
small such that (v — 6, v + 0) C (a,b). It suffices to show that

1
li%r_lg{)lfﬁ log P(S, € (v —6,v+4)) > —1(v),
because ) )
]i%r_l)g)lfﬁ log P(S, € (a,b)) > ligr_l)g)lfg log P(S, € (v —4,v+9)),
and the supremum of the right side of the inequality over v € (a, b) is therefore a bound for

the left side (which does not depend on v).

Now, assume that for every v of interest, there is a 6, € IR such that

I(v) = supvf — log M(0) = v, —log M(6,).

9eR
Consider i.i.d. random variables X1, ..., X,, with the common cumulative distribution func-
tion

F%(%) = Prob(X < #) = M(le ; [ emip@), iew,

where P(-) is the common measure of the i.i.d. random variables whose sample mean is
Sp. If P(-) has density p(-), then the new random variables have an exponentially weighted
density

" (z) = e®% p(x), z€R.
Next, note that

% 1 z6, _ 1 d z6y _ _
Ey, [X] = M(H,,)/Rxe p(z)dx = M(G,,)/Rd—Hl,e p(x)dz = 2(6,) =

Therefore, under the tilted measure,

P (S, e (v—10v+6)) =1,
for every ¢’ > 0. Finally, u < v implies that 6, > 0, and thus
P(Spe(v=8w+8) = [ dR(s)

(v—6" w+4')

= dP ...dP(z,
[ CORR N

dP(z1)...dP(x,
/n(u_af)<z1+...+xn<n(u+6’) (@) (on)

v

o +)0, / e@tte)lqp(g)) . dP(z,)
n(v—9")<z1+...4xn<n(v+4")
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= 0 ()] / dP" (3, ...dP" (i)
n(v—0)<&1+...4+Zn<n(v+4d’)

— e—n(uB,,—logM(H,,)+5’0,,)P0,,(an e (I/ _ 5/’1/ + 5/))

Therefore .
liminf —log P(S, € (v — &',v +0')) > —1(v) — &0,
n—oo n

Since the choice of ¢’ can be made independently of v, it follows that
1
hﬁgg}fﬁ log P(S, € (v —6,v+4)) > —1(v),

for the previously chosen 4, and the proof of the lower bound is complete. [ ]

Remark: The measure P% constructed in the proof of Cramer’s theorem plays an impor-
tant role in applications of LDPs to fast simulation. In particular, the measure P% is used
to simulate a deviant sequence with mean v > u. The performance measure of interest, say
Ey,[g(X)], is estimated based on this sample path, and its value E[g(X)] under the true

measure, whose mean is y, is calculated from this estimate using analytical methods.

A LDP for Sample Means of Dependent Processes

An important consequence of the i.i.d. assumption in Cramer’s theorem is that the moment

generating function of the sample mean S, is related to that of the random variable X as

log Ms, (6) = nlog Mx (%)
A closer examination of the proofs of the lower and upper bounds reveals that reasonable
limiting behavior of the normalized log moment generating function is all that is really
needed. This forms the basis of the Gartner-Ellis theorem, which extends Cramer’s theorem
to sequences of dependent random variables.
Let {Y;, t = 1,2,...} be a sequence of random variables such that the normalized log

moment, generating functions
1
Un(0) = ~log E [¢™],  0€R,
n
exist in a neighborhood of zero and it holds that:

1. the limit
Y(0) = lim v, (0),

n—oo
exists for every # € IR, where 400 is permitted both as a value and a limit for the

sequence for a particular 8, and



2. the function (#) is differentiable on
Dy ={0: ¥(0) < +oo}.
Let ¢'(Dy) = {¢'(f) : 6 € Dy} denote the range of values taken by the derivative. Define

I(z) =sup =z —(0),

9cR

and let Dy = {z: I(z) < oo}.

The Gartner-Ellis Theorem: Let a,b € R with a < b. If the first of the hypotheses
above holds, and [a,b] N Dy # ¢, then

1 Y, .
lim sup — log P (; € la, b]) < — inf I(z).

n—oo T z€[a,b]

If both the hypotheses above hold, and (a,b) C ¥'(Dy), then

1 Y,
lim inf — log P (—" € (a, b)) > — inf I(z).
n

n—oo n z€(a,b)

Remark: This is not the most general form of the Gartner-Ellis theorem. In particular,
the second hypothesis is quite stringent. The theorem may be proved under more general
conditions, as well as for sets other than intervals as we have considered here. For details,
see, e.g., J. A. Bucklew, Large Deviation Techniques in Decision, Simulation, and Estimation
(1990), and the references therein.

Proof of the Upper Bound: Define, for any ¢ € IR,
Hy(c) = {z: 260 —9(0) <c}, and

C0) = () Holo)

where 61, ...,0;, k < oo will be specified shortly. Observe that

2 (% #C0) = P (ﬁ e Oﬁgi(c)>

no=
k Yn .
< yr (; € Hgi(c)>
k
= Y P (Ya0; > ny(6;) + nc)

=1

k
_ Yy, 0; n(y(6;)+c)
i:Zl P (e >e )
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k E [eYn‘gi]
Z en(¥(0:)+c)

Ic
= e (@:)te)

=1

IA

and therefore v
lim sup -~ logP (—n ¢ C(c)) < —c
n

n—oo

Next, let

I'= inf I(z) < +oo,
z€[a,b]

and observe that for every ¢ > 0

[a,b) C {z: I(z)>I"—¢€}
= {x: supx@—w(9)>l*—e}
C Ulz: 20 —9(0)>1I" —¢}

0eR

= UHQ —6

0eR

Since [a, b] is compact and {Hy(I* —¢€), 6 € R} is an open cover of [a, b], there exist a finite
number of sets, {Hg,(I* —€), i=1,...,k, such that

[a,b] C L_J HQZ(I* — 6).

Setting these ;s in the definition of C(¢) and choosing ¢ = I* — €, we get

P(% € [a,b]) SP(% ¢C(I*—e)>,

where we have already shown that

1 Y,
hmsup—logP (— ¢CI" - e)) <=I" +e.
n

n—oo

The upper bound follows from the fact that the choice of € is arbitrary. ]

Proof of the Lower Bound: Let v € (a,b). The assumption that v € ¢'(D,,) is sufficient
to provide that there exists a 6, such that

I(V) = VHI/ - ¢(9u)

Now, if it holds for every § > 0 that

lim inf - “log P (3 € Bs(v )) > —1(), )



where
Bs(v) ={z: |z —v| < d},
then it follows that ) v
liminf - log P (=2 € (a,b)) > ~1(v),
iminf ~log P { -~ € (a,0) | 2 —1(v)
and the supremum of the right side over v € (a, b) is the desired lower bound. It thus suffices

to prove (2).

Let F,,(-) denote the cumulative distribution function of the random variable Y;,, and define

the random variables }N/n via the cumulative distribution function

e a”Fn(y) e 9“Fn(y)

Fl(y) = = R.
YW ARy T e 0 V€
In order to establish (2), we first prove the intermediate result:
. Ya
Jim P <; € B[;(I/)) =1 (3)

To see this, note that for any ¢ > 0,
6 ?n 8, [ _tY, nt(v+6)
Pyl —>v+0| = Pn”(e”Ze )
n
< e—nt(ll—l—J) E9 [etf/n]

= 0 [ ot dRg(y)

_ dF,(y)
_ nt(v+9) (t+96,) n
= ¢ / € enwn(HV)

_ e,nt(y+(5,{ M})

Therefore,

limsupllong" (% > 1/—1—5) < —t (,/+(5_ {¢(9U+t1_¢(9u) }) ’

n—oo N

and since 9'(6,) = v, and § > 0, the right side can be made strictly negative by choosing ¢
to be sufficiently small. Therefore, for every § > 0,

Y,
P (—21/-1-6) —0,
n

exponentially fast in n. Similarly, for any ¢ > 0,

Pg” (E <v-— 5) = ng (e’t?" > e’"t(""s))
n



Therefore,

limsupllong” (% < y_5> <t (,/_5_ {w(gv — 1) —(6,) }) ’

n—oo M

and by choosing a sufficiently small £ we get that
Y,
P (—” gy—5> — 0,
n
exponentially fast in n. This proves the limiting result of (3).

To prove the claim of (2), we again employ the exponential change of measures. For any
§ > 0 and v € (a,b), note that

Y
P (; c B5(y)) = P (Y, € By(nv))
- / oy F®)
Z / e—nuH,,—nJ 0, e Huan(y)
n (nw)

_ _—nwl,-nd b, / i (6,) € b dF,(y)
= e e -7
n () en¥n (6v)

_ o0 —Ya(0.) 456, ) / dF® (y)

n (nv)

e W0y =1 (0,)+0 0, )Pfjv (}7 € Bna(nV))

Y,
e Wby —¥n(6,)+0 61 ) pb (— € B(j(zx)> :
n
Therefore, for any § > 0 and v € (a,b), we can use (3) to get

lim infllogP (% € BJ(]/)) > —vb, +(6,) — 46,

n—oo n

Since vf, — ¥(0,) = I(v), and the choice of § is arbitrary, the inequality in (2) follows,
completing the proof of the lower bound. ]



eneral Statement of the artner Ellis heorem!'

We have proved the Gartner-Ellis theorem only for R-valued random variables, but it extends
easily to processes taking values in R , d > 1. We shall state the more general result here

without proof.
Let { 4 t=1,2,...} be an R -valued random process and define
1
n(0)=—logEled |, HecR,
(@) = ~logE e "], 4
where § ,, denotes the usual inner product between the vectors.

1. Assume that
lim ¢ (0) =¥(0), feR,
exists, where we again allow +00 both as a value and a limit of the sequence. Assume

further that () is a closed and convex function.

2. Let Dy, = {6 : () < oo}, as defined earlier and assume that the origin is contained

in the interior of D.

3. Assume that 9(-) is steep on D,.

Finally, define

I( )=supf —(8), €eR .
eER

Theorem: If the first hypothesis above holds, then, for all compact sets F',
1
li “logP|—€F)<—infI(),
o s (€ F) < - w10
Additionally, if the second hypothesis holds then the statement above is true for all closed
sets I’ as well. Finally, if the first and the third hypotheses above hold, then
1
lim inf — log P (—n € E) > —inf I( ),
n €E

n—ooc n

for all open sets FE.

We shall use this version of the theorem to study the behavior of the empirical distribution
of a sequence of i.i.d. random variables. This shall eventually lead to Sanov’s Theorem,
which we shall study in greater depth for random variables taking values in discrete finite

sets.




omework: Let be an autoregressive process given by

Xo= Xu1+ a, n=1,2,..., | | <1,
where Xy = 0 a.s. and the process ,, n=1,2,..., isii.d. with
1 1 1
P = —— :—:P = — .
( ' 2) 2 ( ! 2)
Define x X
A T N S
n

and compute the asymptotic behavior of

Y,
Prob (— > ) , > 0.
n

In particular, determine Dy, ¥'(Dy), Dy etc.
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