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1. Introduction to random processes

A random process is a collection of random variables (r.v.’s for short) that arise in the
same probability experiment (the last clause can be replaced by the exact statement “that
are defined on a common probability space;” the term probability space will be defined in
the next section). Thus a random process is mathematically represented by the collection

{Xy,tel},

where X; denotes the t'" random variable in the process, and the index t runs over an

index set I which is arbitrary.

A random process is a mathematical idealization of a set of random measurements
obtained in a physical experiment. This randomness can be quantified by a probabilistic
or statistical description of the process, and the complexity of this description depends
largely on the size of the index set I. In briefly discussing this issue of complexity, we
consider index set sizes, which cover most cases of interest.

(a) I consists of one index only. In this case we are measuring a single random
quantity, represented by the r.v. X. From elementary probability, we know that a simple
way of describing X statistically is through its cumulative distribution function (or cdf)
Fx, which is defined by the relationship

Fx(x) =Pr{X <z}

(Notation. Throughout this course, random variables will be denoted by upper case
letters, and fixed (non-random) numbers by lower case letters.)

Fx is always nondecreasing, continuous from the right, and such that Fx(—o0) = 0,
Fx(4+00) = 1. Thus typically it looks like this:

K (%)
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We also know that in most cases of interest, we can alternatively specify the statistics
of X by a probability density function (or pdf) fx, which is a nonnegative function that
integrates to unity over the entire real line and is related to F'x by

Fx(z) = /_; Fre(w)du -
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This also covers r.v.’s with discrete components, in which case fx contains d—functions.

(b) I consists of n indices, e.g. T = {1,...,n}. In this case the process variables form
a random vector in R", denoted by

X = (X1,...,Xn) .

The statistical description of the process can be accomplished by specifying the cdf Fx
(or Fx,.. x, ) of the random vector X; this is a real-valued function on R™ defined by the
relationship

Fx(xz1,...,2p) =Pr{X1 <zy,..., X, <x,}.

The dimension of their argument notwithstanding, the functions Fx and Fx have quite

similar behavior. Fx, too, is nondecreasing: if y>x; for all values of k, then

Fx(y1,--yn) 2 Fx(y1, -5 yn) -

Furthermore, in most cases of interest, we can write

ey X
Fx(.itl,...,ilj'n):/ / fx(ul,...,un)dul---dun,

for a suitable pdf fx, also defined on R".

Recall that the cdf of any sub-vector of X,, can be easily determined from the cdf Fx
by setting the redundant arguments of Fx equal to +o0o. Thus for example, the cdf of the
r.v. X; is computed via

Fx, (1) = Fx(x1,00,...,00) .

This procedure is not reversible: knowledge of the marginal distributions of X does not in
general suffice to determine Fx. One important exception is the case where the components
of the random vector are independent ; then the cdf of X is given by the product of the
cdf’s of the individual components, i.e.,

Fx(x1,...,2y) = Fx,(z1) -+ Fx, (zn) ,

and the same relationship is true if we replace cdf’s by pdf’s (F' by f).
In the last two cases, we consider infinite index sets 1.

(c) I is countably infinite, say I = N (the set of positive integers or natural numbers).
Here the process is equivalent to a sequence of random variables

X1, Xo,y ...

The problem of describing the statistics of infinitely many random variables is most eco-
nomically solved by specifying the so-called finite-dimensional distributions, namely the
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distributions of all finite-dimensional vectors that can be formed with these variables. In
this case, the stated procedure amounts to specifying the cdf

Fth,...,th

for every choice of n and (distinct) integers t1, ..., t,.

Although the above specification of finite-dimensional distributions suffices to describe
statistically what happens in in the random process over any finite index- (or time-) win-
dow, it is not clear whether it also determines properties of the process that effectively
involve the entire index set (or discrete-time axis). Consider for example the random

variable
— X . X
X = lim A1t An ’
n—oo n
which gives the asymptotic value of the time average of the random observations. X oo is
clearly a property of the process, yet its value is not determined by any finite number of
variables of the process. Thus

Yoo 7£ g(Xth s 7th)

for any choice of g and arguments t1,...,t,, and we cannot use a single finite-dimensional
distribution of the process to determine the cdf of X .

As it turns out (this is a rather profound fact in probability theory), most infinitary
properties of the process are determined by the set of all finite-dimensional distributions.
Such properties include random quantities such as limits of time averages, and thus the
statistics of X, are in principle deducible from the finite-dimensional distributions (in
practice, the task is usually formidable!). Put differently, if two distinct random processes
{Xk,k € N} and {Yy,k € N} have identical finite-dimensional distributions, then the
variables X o, and Y o, will also have identical statistics.

In summary, augmentation of a finite index set to a countably infinite one necessi-
tates the specification of an infinite set of finite-dimensional distributions. This entails a
considerable jump in complexity, but ensures that all important properties of the process
(including asymptotic ones) are statistically specified.

(d) In this last case we consider an uncountably infinite index set, namely I = R.
If we think of the process as evolving in time, then we are effectively dealing with a
continuous-time process observed at all times.

In continuing our previous discussion on finite-dimensional distributions, we note an-
other rather profound fact: finite-dimensional distributions no longer suffice to determine
all salient characteristics of the process. As an example, suppose one wishes to model the
number of calls handled by a telephone exhange up to time ¢, where t € R. A typical
graph of this random time-varying quantity would be
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It is now possible to construct two models {X;,t € R} and {Y;,t € R} that have iden-
tical finite dimensional distributions, yet differ in the following important aspect: {Xy,t €
R} (almost) always gives observations of the above typical form, whereas {Yj,k € Z} is
not known to do the same. More precisely,

Pr{X, is integer-valued and nondecreasing for all ¢}
equals unity, whereas the quantity
Pr{Y; is integer-valued and nondecreasing for all ¢}

cannot be defined, and hence does not exist.* Of the two processes, only {X;,t € R} is
(possibly) suitable for modeling the random physical system in hand.

The reason for the above discrepancy is that the two random processes {X;,t € R}
and {Y;,t € R} are constructed in entirely different ways. This illustrates the general
principle that random processes are not fully characterized by distributions alone; their
construction amounts to the specification of a family of random variables on the same
probability space. Precise understanding of the concepts probability space and random
variable is therefore essential.

2. A simple stochastic process

Billingsley, Sec. 1, The unit interval.

Consider the probability experiment in which we choose a point w at random from
the unit interval (0, 1].

(Notation. A parenthesis implies that the endpoint lies outside the interval; a square
bracket that it lies inside.)

We assume that the selection of w is uniform, in that

Pr{we (a,b]} =b—a.

* The pivotal difference between the statements “X., < 0” in (c) and “X; is integer-

valued and nondecreasing for all ¢” in (d) is that the former involves a countable infinity
of time indices, whereas the latter involves an uncountable one. Agreement of two pro-
cesses over finite-dimensional distributions implies agreement over “countably expressible”
properties, but does not guarantee the same for “uncountably expressible” ones.
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As expected, Pr{w € (0, 1]} =1.

We now consider the binary expansion of the random point w. We can write

w = .Xj(wX(w)... = ZXk(w) ,

where X} (w) stands for the k*® digit in the binary expansion. An iterative algorithm for
deriving these digits is as follows. We divide the unit interval into two equal subintervals,
and set the first digit equal to 0 if w falls in the left-hand subinterval, 1 otherwise. On the
subinterval containing w we perform a similar division to obtain the second digit; and so

forth. This is illustrated in the figure below.

0 w 1
X(w)=1 N :
Xfw) =0 2 34
) =1 S

(Notation. Endpoints marked “o” lie outside, those marked “e” inside, the set or curve
depicted)

The variation of the k' digit Xj(w) with w has the following distinctive feature.
Starting from the left, X} alternates in value between 0 and 1 on adjacent intervals of
length 27%: Thus the graphs of X; and X5 look like this:

Xy(w) XAw)
; ? Lo— —
1 ! 1 ! 1 !
! 1 ! 1 ! 1
0 1/2 w 1 0 1/4 1/2 3/4 w 1

From the above observation we deduce that the vector X = (X1, ..., X,,) has the following

behavior as w varies:

we (0,27"] : X(w) = 000...000
we (27", 2-27"] : X (w) = 000...001
we(2-27",3-27" . X (w) = 000...010
we (2"-1)27"1] X(w) = 111...111



Thus each of the 2" binary words of length n is obtained over an interval of length
27", In terms of probabilities (here length=probability), all binary words of length n are
equally likely candidates for the truncated expansion of a point drawn uniformly at random
from the unit interval. Noting also that any fixed digit X is 0 or 1 with equal probability,
we conclude that for a binary word (aq,...,a,),

Pr{X; =a1,....,Xp,=0a,} =2""=Pr{Xy; =a1}---Pr{X,, = a,} .

Now compare the above with the situation in which Y7,Y5, ... are the outcomes of a
sequence of independent tosses of a fair coin labeled 0 and 1. By independence, we have

Pr{Y1 =a1,...,. Y, =a,} =2""=Pr{Y1 =a1}---Pr{Y, = a,} .

Thus we have two sequences of random quantities with identical probabilistic descrip-
tions (it is easy to verify that the processes { Xy, k € N} and {Yy, k € N} have the same
finite-dimensional distributions). Since drawing a point from an interval is in a sense
simpler than tossing a coin infinitely many times, we can use the process { X,k € N}
instead of {Yx,k € N} to model the outcomes of independent coin tosses. This choice
has the interesting implication that one can construct infinitely many random quantities
without explicit reference to their (joint) statistical description by defining these quantities
as functions of the outcome of a single probability experiment.

The above leads to the following interpretation, which will prevail in this course: a
random variable is a real-valued function of the outcome of a probability experiment. A
random process is a collection of such functions, all of which are defined in terms of the
same probability experiment.

3. The notion of a probability space
For references, see subsequent sections.
A probability space is a mathematical model for a random experiment (or proba-

bility experiment). It consists of three entities.

(i) An abstract set of points, called sample space, and usually denoted by 2. The
points, or elements, of € are usually denoted by w.

Interpretation: (2 is the set of all possible outcomes of the random experiment.

(ii) A collection of subsets of €2, called event space, and usually denoted by an upper
case script character such as F. The sets that constitute the event space are called events.

Interpretation: The event space essentially represents all possible modes of observ-
ing the experiment. A subset A of {2 is an event if we can set up an observation mechanism
to detect whether the outcome w of the experiment lies in A or not, i.e., whether A occurs
or not.

(iii) A function P, called probability measure, which is defined on the event space
and takes values in the interval [0, 1].

Interpretation: For every event A, P(A) provides a numerical assessment of the
likelihood that A occurs; the quantity P(A) is the probability of A.
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The standard representation of a probability space is a triple with the above three
entities in their respective order, i.e.,

(Q,F,P).

The pair (2, F) is referred to as a measurable space. It describes the outcomes and
modes of observation of the experiment without reference to the likelihood of the observ-
ables. In general, the same measurable space can give rise to many different probability
spaces.

4. Event spaces and fields
Billingsley, Sec. 2, Spaces and Classes of Sets.

From a mathematical viewpoint, the sample space {2 is entirely unconstrained; it is
an arbitrary set of points. Constraints on {2 are imposed only by modeling considerations:
Q) should be “rich” enough to represent all outcomes of the physical experiment that we
wish to model. This does not mean that a point w should be of the same form as the
outcome of the physical experiment; it merely suggests that one should be able to set up
a correspondence between the actual outcomes and the points in 2. Thus in the Example
of Sec. 2 above, the sample space 0 = (0, 1] adequately represented the outcomes of a
sequence of coin tosses, in spite of the fact that the points in {2 were not themselves binary
sequences. This was because it was possible to identify every w with a distinct binary
sequence by taking its binary expansion (conversely, every binary sequence that does not
converge to 0 can be identified with a distinct point in (0, 1]).

In contrast to the above, the mathematical constraints on the event space F are rigid;
they stem from the earlier interpretation of events as sets of outcomes that are observable
by available mechanisms. Three such constraints are given below.

1. e F, Qe F.

This is reasonable in view of the fact that no observation is needed to determine whether
the outcome lies in () (impossible) of 2 (certain).

2. Ae F = A° € F (closure under complementation)
Obvious, since the same observation mechanism is used for both A and A°.

3. Ac F, Be F= AUB e F (closure under union)
By combining the two observation mechanisms (A versus A and B versus B¢, one obtains
a single observation mechanism for AU B versus (AU B)°.

Definition. An algebra or field is a collection of subsets of §2 satisfying conditions
(1)—(3) above.
Examples of fields.

(i) Q arbitrary. F = {0,Q}.

F is easily seen to satisfy conditions (1)—(3). It is the smallest field that can be built

from a sample space (2, and is often referred to as the trivial field. Clearly, no useful
observations can be made in the experiment represented here.
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(ii) Q arbitrary. F = power set of () = the collection of all subsets of .

Again F is easily seen to satisfy conditions (1)—(3): by convention, the empty set is a
subset of every set, and set operations on subsets of €2 always yield subsets of 2. In the
experiment modeled here, every subset of 2 can be tested for occurrence; we thus have the
exact opposite of example (i).

(Notation. The power set of  is denoted by 2.)

(iii) Here © is again arbitrary, and we consider sets Ci,...,Cys that form a finite
partition or decomposition of (2; that is,

(Vi,jst.i#j)CinCi=0 and | JCi=9.

The sets C; are referred to as cells or atoms of the partition. The definition of F is as
follows:

F= {A: A=Ja,Ic {1,...,M}} .
iel
Thus F consists of all unions of sets C;; by convention, we let
Jci=0.
1€

To see whether F is a field, we check conditions (1)—(3).

(1) h=JCcier, a= |J G erF;
ic ie{1,....M}
(2) A=Jc = A= ] G e F;
iel ie{l,...M}—1I
(3) A=Jc,B=|JC = AuB= |J G eF,
ieJ ieK ieJUK

and thus F is a field.

(iv) Here we take Q2 = (0, 1], and we define F as the collection consisting of the empty
set and all finite unions of semi-open subintervals of (0,1], i.e.,

M
F={0u {A: A=|J(ai,bi], M < o0, (a;,bi] C (071]} :
i=1

Here condition (1) is easily seen to be satisfied: () is explicitly included in F, and the
choice M =1, a; = 0, by = 1 yields Q2 € F. The same is true of condition (3), since the
union of two finite unions of intervals is itself a finite union of intervals.



To check condition (2), we first note that if two intervals (a1,b;1] and (az, be] overlap,
their union is a single semi-open interval (c¢,d]. Based on this observation, we can use
a simple inductive argument to show that a finite union of semi-open intervals can be
expressed as a finite union of non-overlapping semi-open intervals. In other words,

where 0 <y <di <o <da<...<cy<dy<1land N <M. Now

(

where both (0,0] and (1, 1] are taken to be the empty set. This equality (illustrated in the
figure below) verifies condition (2), thereby proving that F is a field.

(ci,di]>c — (0,c1] U (dv, o] U (dn—1,en] U (dn, 1]

-

1=1

o

0=¢; d C2 d, C3 dy

l_\O

Two further properties of fields
(4) Closure under intersection: Ac¢ F, Be F = ANBeF.

To see this, recall de Morgan’s law:
(AN B)¢ = A°UB°.
Suppose now that A and B lie in F. By axioms (2) and (3), the same is true of the sets
A€, B¢, A°U B¢ and (A° U B€)°. The last set is precisely AN B.
(5) Closure under finite unions: A;,..., A, € F = AjU---UA, € F.

We prove this by an easy induction: suppose the statement is true for any n sets
Ai,..., A€ F, and that A, is also a set in F. Then by axiom (3), we have that

AiU---UAp = (A4U---UA,)UA,

also lies in F, which proves that the statement is true for any n + 1 sets in F. As the
statement is obviously true in the case n = 1, the induction is complete.

Remark. From (4) and (5) it easily follows that every field is closed under finite
intersections.



5. Event spaces and sigma-fields
Billingsley, Sec. 1., Classes of Sets.
Unions and intersections over arbitrary index sets

Suppose {A;,i € I} is a collection of subsets of €2; here the index set I is entirely
arbitrary.

The union of the sets A; over I is defined as the set of points w that lie in at least
one of the sets in the collection; i.e.,

JAi = {w: GieDhweA}.
el

The intersection of the sets A; over [ is defined as the set of points w that lie in
every one of the sets in the collection, i.e.,

(Ai = {w: (Vie)we A},

i€l
(Notation. The symbol V reads “for all,” and 3 reads “there exists one.”)

Fields and countable unions

We saw that fields are closed under the operation of taking unions of finitely many
constituent sets. However, closure does not always hold if we take unions of infinitely many

such sets. Thus if we have a sequence A, Ao, ... of sets in a field F, the union
> def
Ja= 4
i=1 i€EN

will not always lie in F.

To see an instance where such a countable union lies outside the field, consider Ex-
ample (iv) introduced earlier. If we take

1 1
Ai = <O7 e _] )
2 3
then the countable union

U
i=1

will be a subset of (0,1/2), since each of the A;’s is a subset of that open interval. We
claim that this union is actually equal to (0,1/2). Indeed, if w is any point in (0,1/2),
then for a sufficiently large value of i we will have

w <

1
3i’

N =
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and thus w will lie in A; for that value of 7. This is illustated in the figure below.

A ©

o I o

0 //’b 1
12-1/3

We have therefore shown that the union of all A;’s is given by the open interval
(0,1/2), which cannot be expressed as a finite union of semi-open intervals and hence lies
outside F.

Remark. An often asked question is: what happens for i = oco? The answer is, ¢
never takes infinity as a value, and the inclusion of co in the symbol for the above countable
union is purely a matter of convention (just as in the case of an infinite series). Thus the
definition of the sequence A;, As, ... does not encompass a set such as A.,, which could
be naively taken as (0,1/2 —1/o00] = (0,1/2] .

The definition of a sigma-field

A o-field or o-algebra is a field that is closed under countable unions. Thus a collection
F of subsets of () is a o-field if it satisfies the following axioms.

1.0 e F, Qe F.
2. Ae¢ F = A° € F (closure under complementation).

3. VieN)A, eF = U A; € F (closure under countable unions).
i=1

Remark. Countable means either finite or countably infinite; a set is countably in-
finite if its elements can be arranged in the form of an infinite sequence, or equivalently,
put in a one-to-one correspondence with the natural numbers. Thus strictly speaking, (3’)
should be labeled closure under countably infinite unions. Yet the distinction is unimpor-
tant, since a finite union is a countably infinite union where all but finitely many sets are
empty. In particular, (3') readily implies axiom (3) in the definition of a field (closure
under union), as well as property (5) of the previous section (closure under finite unions).

The following statement is a direct consequence of the above considerations.

Corollary. If a field consists of finitely many sets, it is also a o-field.

Examples of sigma fields
Let us again consider the examples of fields given in Section 4.
(i) F ={0,Q} is a o-field by the above Corollary.

(ii) F = 2% is a o-field since any set operation (including taking countable unions)
yields a subset of €.
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(iii) In this case F consists of all unions of cells in a finite partition of Q. Clearly F is
finite (if there are M cells, then there are 2 sets in F) and thus by the earlier corollary,
F is a o-field.

If we take a countably infinite partition of ) into sets C7,Co, ..., then the collection
Fo={a:a=Jo, 1cN},
iel

will also be a o-field. It is easy to check the first two axioms; for closure under countable

unions, we note that given any sequence of sets Aq, Ao, ... in F’ such that
Ak = U CZ ;
i€l

we can write

o0

k=1 iel
WhereI:I1UI2U--~.

Remark. A measurable space (2, F) in which F is a o-field consisting of all unions
of atoms in a countable partition of €2 is called discrete.

(iv). In this example, F consisted of the empty set and all finite unions of semi-open
subintervals of (0,1]. As we saw earlier in this section, there exists sequence of semi-open
intervals in F, the countable union of which is an open interval lying outside F. Thus F
is not closed under countable unions, and hence it is not a o-field.

6. Generated sigma-fields and the Borel field
Billingsley, Sec. 1, Classes of Sets.
The sigma-field generated by a collection

As we saw in the previous section, a field of subsets of €2 is not always a o-field. A
question that arises naturally is in what ways such a field (or more generally, an arbitrary
collection of subsets of §2) can be augmented so as to form a o-field.

It is easy to see that this is always possible, since the power set 2% is a o-field which
contains (as a subcollection) every collection G of subsets of 2. A far more interesting fact
is that there also exists a minimal such augmentation: that is, given any G, there exists
a unique o-field of subsets of (2 that both contains G and is contained in every o-field
containing §G.

(Notation. The term “contains” can mean either “contains as a subset” or “contains as
an element;” which meaning is pertinent depends on the context.)

Before proving the existence of a minimal such o-field, it is worth giving a simple
example. Suppose €2 = (0, 1], and define the collection G by

g = {(0,1/3],(2/3,1]}.
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As pointed out above, the power set
Fi=2%

is (trivially) a o-field that contains G. To find the smallest o-field with this property, we
reason as follows.

The sets () and (0, 1] clearly lie in every o-field containing G, as do (0,1/3] and (2/3, 1].
Hence the union
(0,1/3]U (2/3,1]

also lies in every such o-field, and so does its complement (1/3,2/3]. By closure under
union, the same is true of the sets (0,2/3] and (1/3,1]. Thus every o-field containing G
must also contain the collection

Fa=10,9,(0,1/3],(1/3,2/3],(2/3,1],(0,2/3],(1/3,1],(0,1/3] U (2/3,1] ¢ .
{ |

Since F5 is itself a o-field, we conclude that F5 is the smallest o-field containing G.

In the case of G consisting of infinitely many sets, the construction of a minimal
o-field containing G is often impossible. In contrast, the proof of its existence is quite
straightforward, and relies on the simple fact that the intersection of an arbitrary class of
o-fields is itself a o-field.

(Remark. In taking the intersection of two collections of subsets of €2, we identify those
subsets of {2 that are common to both collections; we do not take intersections of subsets
of . For example, if Q = (0,1] and G, F; and F;, are defined as above, then

GNF, = GNF = G, FonNF = Fa.
If also F3 = {(0,1/2]}, then
FsNG = FsnFy = 0, FsNF=F3.

Analogous statements can be made for every set operation and relation applied to collec-
tions. Thus for example,
GgCFCFr,

while F3 is a subset of neither G nor F5.)

To show that an arbitrary intersection of o-fields is itself a o-field , consider

Foo= ()%,

where each Fj, is a o-field of subsets of €2 and the index set K is arbitrary. We check each
of the three axioms in turn.

(1) Both ) and Q lie in every Fj, thus also in Fn.

13



(2) If A lies in Fy, for some k, then A¢ also lies in that Fy. If A lies in every Fj, then
so does A€, i.e., A° € Fn.

(3") The argument here is essentially the same as above: if Ay, As, ... lie in every Fy,
then by closure of each Fj under countable unions, the same will be true of

.
1=1

With the above fact in mind, we can easily show that the minimal o-field containing
a collection G is the intersection of all o-fields containing G. Indeed, the said intersection

(i) is itself a o-field (by the above fact);
(ii) is contained in every o-field containing G; and
(iii) contains G .
We summarize the above information in the following definition.

Given a collection G of subsets of {2, the minimal o-field containing G, or equivalently
the o-field generated by G, is defined as the intersection of all o-field s containing G, and
is denoted by o(G).

One last remark before proceeding to the next topic is the following: it is possible for
two or more distinct collections to generate the same o-field . A simple illustration of this
fact can be given in terms of our earlier example, where

G = {(0,1/3],(2/3,1]}.
If we now take
¢ = {ovaasesenn)  wma ¢ = {03023,

then one can easily verify that

The Borel field

As noted above, the o-fields generated by finite collections of subsets of €2 are rather
easy to construct; such o-fields are simply described in terms of finite partitions of € (cf.
Section 4, Example (iii)). For a countably infinite G, one might be tempted to extrapolate
that o(G) will consist of unions of cells in a countable partition of 2. This will always be
true if the sample space §2 is countably infinite, but not so if €2 is uncountable.

To elaborate on the last statement, we return to the uncountable space
Q = (0,1] .
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As we saw in Section 4, the field
M
F = {@} U {A A= U(ai,bi], M < oo, (ai,bi] C (071]}
i=1

is not a o-field. By the foregoing discussion, F can be augmented to a minimal o-field
o(F). This o-field is called the Borel field of the unit interval, and is denoted by B((0, 1]).
Thus

B((0,1]) < o(F) .

The Borel field is of crucial importance in probability theory, being the basis for the
definition of a random variable and its distribution. It contains, among others, all sets that
arise from intervals by countably many set operations. It does not, however, contain every
subset of the unit interval; it is possible to give (admittedly contrived) counterexamples
to that effect.

What other collections of subsets of (0,1] generate B((0,1])? The answer is many,
including some that are easier to describe than F. In what follows we give an example of
such an alternative collection, principally in order to illustrate a general method of proving
that two given collections generate the same o-field.

We claim that the o-field generated by the collection
QZ{A: A= (0,a), a<1},

is B((0,1)), i.e., that o(G) = o(F).

To prove the above equality, we must prove each of the inclusions o(G) C o(F) and
o(F) C o(G). For the former inclusion, it is sufficient to show that G is contained in o(F).
This is because any o-field that contains G will, by definition of o(-), also contain o(G).
The same argument can be made with F and G interchanged, and thus we conclude that

GCo(F) and FCo(G) = o0(9)=0(F).

To prove G C o(F): By the method given under Fields and countable unions (Section
5), we can write an arbitrary interval (0,a) in G as

(0,a) = U(o, (1—(i+1)"a] .

Each of the sets in the above union lies in F. Thus (0, a) is expressible as a countable
union of sets in F, and hence lies in o(F).

To prove F C 0(G): The empty set trivially lies in o(G). It thus remains to prove that
every finite union of semi-open intervals (a;,b;] lies in o(G); this is equivalent to proving
that every single semi-open interval (a, b lies in o(G).
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We express (a, b] as

(a,b] = (a,1] = (b,1] = (a,1] N (b, 1]¢

so that it suffices to show that every (a, 1] lies in o(G). We now write (a, 1] as

[ja—l— 1—a)i 1 1}

Each of the sets in the above union is a complement of a set in G, and hence lies in o(G).
Thus (a, 1] also lies in ¢(G), and the proof is complete.

We emphasize again that the choice of the alternative generating collection G is not
unique; one can easily show that substitution of the generic set (0, a) by any of the intervals
(0,al, [a,b], etc., still yields the Borel field. More importantly, G can be replaced by a
(sub-)collection of intervals (0,a) such that a is a rational number (expressible as a ratio
of integers). Since any real number can be written as an increasing or decreasing sequence
of rationals, we can easily adapt the above proof to suit the modified G by using rational
endpoints in the appropriate unions. And since the set of rationals is countable, this
implies that the Borel field can be generated by a countable collection of intervals.

We can now justify our earlier statement that o-fields generated by countable col-
lections on uncountable sample spaces are not always described in terms of countable
partitions. We do so by noting that the Borel field contains (among others) all sets that
consist of single points on the unit interval; these sets alone form an uncountable partition
of that interval.

The Borel field of the entire real line can be defined in a similar fashion:

BR) Y o ({(—oo,a] La € R}) .

Here again the choice of generating intervals is not unique, and rational endpoints are fully
acceptable.

We can also define the Borel field of an arbitrary subset €2 of the real line by

BQ) ¥ {4: A=CnQ, CeBR)}.

An interesting exercise is to prove that in the case of the unit interval, the above definition
of B((0,1]) is consistent with the one given originally.

7. Definition of the event space

Billingsley, Sec. 4, Limit sets.

As we argued in Section 4, it is desirable that every event space contain () and €,
and be closed under complementation and finite unions. Thus every event space should
at least be a field. That it should also be a o-field is not so obvious. The axiom of
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closure under countable unions implies the following: if we have a sequence of observation
mechanisms M1, Ms, ... (where M; observes the occurence of event A;), then we can
effectively combine these mechanisms into one that will decide whether the union

U
i=1

occurred or not. This implication is not always true in practice, as the example given in
this section illustrates. Despite this shortcoming, the structure of the o-field is chosen for
the event space because it allows us to use the powerful mathematical machinery associated
with the probability measure (which will be formally defined in the following section).

For the remainder of this course, the event space F will always be a o-field.

Consider now the following example which involves an infinite sequence of events
Ai, Ag, ... in a measurable space (€2, F). We are interested in descriptions of the set A* of
sample points w that lie in infinitely many (but not necessarily all) of the sets A;. Thus

A" = {w: w € A; for infinitely many i} .

In deriving an alternative description of A*, we argue as follows. If a point w lies in finitely
many sets A;, then there exists an index k such that w does not lie in any of the sets
Ak, Agi1,.... Conversely, if a point w lies in infinitely many A;’s, then for every k that
point will lie in at least one of the sets Ay, Agy1,.... Thus

A" ={w: (Vk) w € at least one of Ay, Agt1,...}

:{w: (Vk) w € UAz}.

i>k

Writing By, for (U, Ai, we have

A" ={w: VhweB} = (B = (U4

k>1 k>1i>k

To show that A* is an event, i.e., A* € F, we argue as follows. Every By is an
event, since it can be written as a countable union of events A;; and thus A*, which is the
intersection of the By’s, is also an event.

(Remark. De Morgan’s law is true for arbitrary collections of events, and thus closure
under countable unions is equivalent to closure under countable intersections.)

The event A* is called the limit superior (lim sup) of the sequence A;, A, ..., and
is often described in words as “A; occurs infinitely often (i.0.).” Thus

limsup Az déf {Az 10} déf ﬂ U Az .

E>14i>k

17



We can think of the above situation in terms of a random experiment whose actual
outcome w is unknown to us. Our information about w is limited to a sequence of partial
observations of the experiment: for every ¢ we know whether w € A; or w € Af§, ie.,
whether the event A; has occurred or not. Since the set A* of outcomes is expressible
in terms of the sequence Ai, As,..., it is reasonable to assume that we can process our
observations so as to determine whether or not w € A* i.e., whether or not infinitely many
of the events A; have occurred.

Unfortunately, this is easier said than done. Consider for instance the case in which
the observations are made sequentially in discrete time. If we assume that the A;’s are
such that every intersection of the form

m Ci, (C; is either A; or AY) ,

i>1

is nonempty, then we have no means of determining in finite time whether infinitely many
of the A;’s have occurred. Thus the set of outcomes A* = limsup; A; does not correspond
to any “real” observation of the experiment; it is an event only because F is a o-field.

Remark. In a similar manner we can define the limit inferior (lim inf) of the
sequence A1, As, ... as the event that “A; occurs eventually,” or equivalently, “A; occurs
for all but finitely many values of 7.” It is easy to check that this definition is consistent

with the representation
limiiani = U ﬂ A,
k>1i>k

and that (liminf; 4;)¢ = limsup, AS§.

8. Probability measures
Billingsley, Sec. 2, Probability Measures.
Definition

A probability measure on the measurable space (€2, F) is a real-valued function P
defined on F that satisfies the following axioms:

(P1) Nonnegativity: (VA € F) P(A) > 0.
(P2) Normalization: P() = 1.
(P3) Countable Additivity: if Ay, As, ... are pairwise disjoint events (i.e., ;N A; =0

for i # j), then
P(U AZ-> = ) _P(4A) .
i=1 i=1

Note that in (P3) above, the union of the A;’s lies in F by the assumption that the
event space is a o-field. (P1-3) are also known as the Kolmogorov axioms.

Simple properties
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From (P1) and (P2) we can deduce that P is finitely additive and that the probability
of the empty set is 0. Indeed, if Aq,..., A,, are pairwise disjoint events, we can write

Ja=Ua
=1 1=1

where A, 11 = A2 = ... = 0. The sequence Ay, As, ... still consists of disjoint events, so
we can apply (P3) to obtain

P(izul Az-> = ;P(Ai) +m§;1P(Ai) .

The infinite sum on the right-hand side consists of terms equal to P(()), and hence it will
be equal to 0 if P(()) = 0, and 400 if P()) > 0. As the probability measure cannot take
infinity as a value (it is assumed to be a real-valued function), it must be that

Y PA) = P®) =0.

1=n+1

Therefore . .
P(U Ai) =Y P4, .
i=1 ;
We thus obtain
(P4) P(D) =0;
and

(P5) Finite additivity: if Ay, ..., A, are pairwise disjoint events,
P(U AZ-> — Y P4
i=1 i=1

(Remark. We can obtain (P4) without assuming that P(A) < oo by applying (P3) to a
sequence where A; = Q) and the remaining A;’s equal to () ((P1) and (P2) are also needed
here). Having obtained (P4), we can apply (P3) and (P1) as before to obtain (P5).)

(P6) Forall Ae F, P(A)+ P(A°) = 1.

This follows from (P2) and (P5) since AN A¢ =0, AU A° = Q.

(P7) Monotonicity under inclusion: B D A = P(B) > P(A).

This is because we can write B as AU (B N A€), which is a disjoint union. Hence by
(P5) and (P1),
P(B) = P(A)+ P(BNA°) > P(A).
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In particular, Q D A for every event A, so
(P8) Forall Aec F, P(A) <1

Notation. The set difference A — B or A\ B is defined by

A-BY A\BY AnBe.

The symmetric set difference A /A B is defined by
AAB = BAA = (ANB°)U(BNA°).

These operations are illustrated in the figure below.

2: ArB
1. AB=AB
B 3:B\A=B-A
A 1.3: AAB = B2A

We say that a sequence of events (A, ),eN is increasing if
Al CAyC ... ;

it is decreasing if
A1 DAy D ... .

For such sequences (which are also called monotone) we can define a limiting event lim,, A,,
as follows: if (A, )neN is increasing,

o0
. def
lim A,, = U A,
n
n=1
whereas if (A,,),en is decreasing,
o0
. def
lim A,, = m A, .
n
n=1

For brevity we write A,, T A and A,, | A (respectively), where A = lim,, A,,.

Probability measures are continuous on monotone sequences of events; in other words,
P(limA,) = limP(A,) .
n n
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To prove this for an increasing sequence Aqp, Ao, ..., we generate a sequence of pairwise
disjoint events By, Bo, ... as follows:

B1 :Al Al =B
By =A, — Ay As =B; U By
B, =A, — A,_1 A,=B1U---UB,

From the above construction, it is easy to see that

Ja- s
=1 =1

This is because any w that lies in one of the A;’s will also lie in one of the B;’s, and vice

versa. Hence - -
/(54) (0.
i=1 i=1

and since the B;’s are disjoint, countable additivity gives
P(U Ai) =) P(B;) = lim) P(B)) .
i=1 i=1 —
Now since A,, is the union of the first n B;’s, we also have
P(4,) = ) P(B)),
i=1
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and hence

p(04) - mrtan

The analogous result for decreasing sequences of sets follows easily. If Ay, As,... is
decreasing, then A, A%, ... is increasing; by De Morgan’s law and the above result we
then have

p(ﬁ Ai> = P(G Ag)c = 1-lim P(Aj)
- =1 —Z[_ll— lim P(A,)] = lim P(A,) .

We have thus obtained
(P9) Monotone continuity from below: If A, T A, then lim,, P(A,) = P(A).
(P10) Monotone continuity from above: If A, | A, then lim,, P(4,,) = P(A).

Remark. As we have seen, (P9) and (P10) follow directly from the Kolmogorov
axioms (P1-3). It is not difficult to show that under the assumption of nonnegativity
(P1), the countable additivity axiom (P3) is actually equivalent to the two axioms of finite
additivity (P5) and monotone continuity from below (P9) combined. Thus an alternative

to the Kolmogorov axioms is the set of axioms consisting of (P 1,2,5) and either (P9) or
(P10):

o Nonnegativity
Nonnegativity Normalization
Finite additivity

Continuity from above or below

Normalization <=
Countable additivity

Convex mixtures of probability measures

Let Py, Ps,... be probability measures on the same measurable space (2, F). We say
that the set function P is a convex mixture (or convex combination) of these measures if
it can be expressed as a weighted sum of the P;’s with nonnegative weights that add to
unity. In other words, for every A € F, P(A) is defined as

P(A) = SOAP(A)

where the real coefficients \; satisfy
(Vi) A >0, > n=1.
i=1

Claim. P is a probability measure on (2, F).
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Proof. Nonnegativity of P follows directly from that of the \;’s and P;’s. Normal-
ization is also easily established via

P(Q) = iAiPi(Q) = i)\i = 1.
i=1 ]

=1

To prove countable additivity, consider a sequence of disjoint events A;, Ao, .... We have

P(QAj> = g)\iPi(@lAj> = gAiiPi(Aj),

where the last equality follows by countable additivity of the measures P;. The iterated
sum has positive summands, so we can change the order of summation to obtain

P(QAJ) _ iixipi(/xj) =Y P(4) .

j=1i=1 j=1
Thus P is a probability measure.

9. Specification of probability measures
Billingsley, Sec. 3, Lebesgue measure on the unit interval; Sec. 4.
Discrete spaces

As we saw in Section 5, a measurable space (2, F) is discrete if the o-field F is
generated by a countable partition of {2 into atoms

Ch,Co, ...

Then for every event A there exists an index set I C N such that
A=|]Jc,
i€l
and if P is a probability measure on (2, F), we have
P(A) = Y P(Ci).
i€l

The above demonstrates that in order to define a probability measure P on (€2, F), it
suffices to specify the quantity
pi = P(C)

for every atomic event C;. Clearly, the p;’s satisfy
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That any sequence (p;);en satisfying this nonnegativity /normalization condition generates
a probability measure is not difficult to see: if we let

P(A) = sz‘

iel

with A and I defined as before, then the set function P is nonnegative and such that
P(2) = 1. To establish countable additivity, we simply note that disjoint events can be
expressed as unions of cells over likewise disjoint index sets.

Definition. A probability mass function (pmf) is a sequence of nonnegative
numbers whose sum equals unity. In the context of a given discrete probability space, the
pmf is the function that assigns probability to each atomic event.

Example. Q ={0,1,...}, F =2

It is easy to see in this case that F is generated by the one point sets (or singletons)
{k}. To define the measure P, we use the Poisson pmf:

A

where £k =0,1,.... We have

o0 o0 k
kz_opk = e_)‘kz_o% = et =1

as required. If we let P{k} = p, then the probability that the outcome of the experiment
is odd is

)\3 )\5 6)‘ _ e—)\ 1— 6—2/\
— oA MR — oA —
B B

Non-discrete spaces

As we saw above, we can concisely specify a probability measure on a discrete space
by quoting the probabilities of the atomic events. This is not possible in the case of a
non-discrete space, since the event space is no longer generated by a countable partition of
) and thus there is no countable family of “minimal” events. Yet a concise specification
of measures on non-discrete spaces is absolutely necessary if such spaces are to be used
in probability models. Without such specification, the task of explicitly defining a set
function on all (uncountably many) events and subsequently testing it for the Kolmogorov
axioms becomes impracticable.

A method often used for defining a probability measure on a non-discrete o-field F
involves the construction of a preliminary set function ) on a field Fy that generates
F. If the function @, as constructed on Fy, satisfies certain conditions similar (but not
identical) to the Kolmogorov axioms, then it is possible to extend @ to a unique probability
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measure P on F = o(Fp). Thus under these conditions, specification of @) on F suffices
to determine the probability measure P on F without ambiguity. (One word of caution:
that @ uniquely determines P does not imply that for an arbitrary event A ¢ Fy one can
easily compute P(A) based on the values taken by @; in many cases, this computation will
be highly complex or even infeasible.)

The above method of defining measures is based on the following theorem, whose
proof can be found in Billingsley, Section 3.

Theorem. Let F{ be a field of subsets of €2, and let () be a nonnegative countably
additive set function on Fy such that Q(€2) = 1. Then there exists a unique probability
measure on o(Fy) such that P = @ on Fy.

Remark. As F, will not in general be closed under countable unions, the statement
“@ is countably additive on F” is understood as “if A;, Ag,... lie in Fy and |J, A; also

lies in Fy, then
Q (U Ai) = ) P(A;) 7

The Lebesgue measure on the unit interval

To illustrate the extension technique outlined in the previous subsection, we briefly
consider the problem of defining a probability measure P on the Borel field of the unit
interval such that

P(a,b] = b—a
for every (a,b] C (0,1].
We first need to identify a field Fy that generates the Borel field, i.e., such that

o(Fo) = B((0,1]). As we saw in Section 6, one such choice of Fy consists of the empty set
and all finite disjoint unions of semi-open intervals

N

U(Ci7di] ;

=1

where 0 < c¢; <dj <cp <dy <...<cy <dy <1. Since we would like the probability of
any semi-open interval to be equal to its length, we must define the set function ) on Fy

by N N
QD) =0, (U(ci,di]) = (di—c).

i=1 =1

The set function @ is clearly nonnegative and satisfies Q(0, 1] = 1. It is not difficult to show
that @ is finitely additive: if two sets in Fy are disjoint, then their constituent intervals are
non-overlapping. Countable additivity of () on Fy can be also established, but the proof
is slightly more involved (see Billingsley, Sec. 2, Lebesgue measure on the unit interval).

By the extension theorem of the previous subsection, there exists a unique probability
measure P on o(Fy) = B((0,1]) such that P = @Q on Fy. P is called the Lebesgue

25



measure on the unit interval. It is the only probability measure on B((0, 1]) that assigns
to every semi-open interval a probability equal to its length.

What is the probability of a singleton {z} under the Lebesgue measure? Intuitively,
it should be zero (a point has no length). This is easily verified by writing {z} as the limit
of a decresing sequence of semi-open intervals,

o0

{«} = (A =G+ 2],

i=1
and invoking monotone continuity from above:

P{z} = limP((1—(n+1)"Hz,z] = lim(n+1)"'z = 0.
Thus the Lebesgue measure of any interval (whether open, semi-open or closed) equals the

interval length.

Question. Do countable subsets of the unit interval (e.g., the set of rationals in that
interval) lie in its Borel field? What is the Lebesgue measure of such sets?
10. Definition of random variable
Billingsley, Sec. 5, Definition; Sec. 13, Measurable Mappings, Mappings into RF.
Preliminaries

In this section we consider real-valued functions f defined on a sample space €2, i.e.,
f: Q= R,

We recall the definition of the image of a set A C €2 under f as

FA Y zeR: QweAd flw) =z},

the inverse image of a set H C R under f is defined by

def

fFUH) S {weQ: flw)eH}.

In developing the concept of the random variable, we will employ images and inverse
images (in particular) extensively. The following simple property will be quite useful: if
{H;, i € I} is an arbitrary collection of subsets of R, then

! (LGJIH> = ieUIf_l(HZ-) .

To see this, let w lie in the inverse image of the union. Then f(w) € H; for some i = i(w),
and thus w f~1(H;). Conversely, if w’ lies in the union of the inverse images, then f(w’) €
H; for some j = j(w'), and thus f(w’) also lies in the union of all H’s.
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By similar reasoning, we can show that
f (ﬂ Hz‘) = () (H) ,
i€l i€l
and for (forward) images,

f(Ua) = Usar. s(Na) < s

iel iel iel iel

Definition
A random variable (r.v.) on a measurable space (€2, F) is a real-valued fuction
X = X(-) on Q such that for all a € R, the set
X H=00,a] = {w: X(w)<a}
lies in F (i.e., is an event).

We can think of X (w) as the result of a measurement taken in the course of a random
experiment: if the outcome of the experiment is w, we obtain a reading X (w) which provides
partial information about w. A more precise interpretation will be given in Section 11.
For the moment, we consider some simple examples of random variables.

Examples of random variables

(i) Let (Q,F) be arbitrary, and A € F. The indicator function I4(.) of the event
A is defined by
1, ifwe A;
Ialw) = {0, if we A°.

We illustrate this definition in the figure below, where for the sake of simplicity, the sample
space () is represented by an interval on the real line.

+ R

IA()

A

To see that X = [4 defines a random variable on (2, F), note that as a ranges over
the real line, the set X~ 1(—o00,a] = {w: X(w) < a} is given by

0, ifa<0;
Xt = {Ac ifo0<a<l;
Q ifa>1.
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Thus X ~!(—o0, a] is always an event, and hence X = I4 is a r.v. by the above definition.
If B ¢ F, then also B¢ ¢ F, and thus Ip is not a r.v.

(ii) (92, F) is arbitrary, Ei, Es,... is a countable partition of 2, and (¢;j)jen is a
sequence of distinct real numbers. We define X (-) as the function that takes the constant
value c; on every event Fj;. In terms of indicator functions,

X(w) = ZCjIEj(w) .

R !

3 - —

R | :

0 E.. B! K Q
C L —_—

We then have for a € R

X1 (—00,a] = U E; ,
Jj€Ja

where J, = {j : a > ¢;}. As the above inverse image is a countable union of events, it is
itself an event and thus X is a r.v. on (2, F).

Remark. X as defined above takes the general form of a discrete random variable
on the measurable space (2, F). Thus a discrete r.v. is one whose range is countable. A
simple random variable is one whose range is finite.

(iii) Let (2, F) = (R,B(R)) and X (-) be a continuous increasing real-valued function
such that

lim X(w) = —o0. lim X(w) = +o00.

w|—o0 wlT+oo
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Then X ~!(—o00,a] = (—oo, X 1(a)]. Since every interval lies in B(R), X is a r.v.

Remark. There are many possible variations on this example. If we merely assume
that X is nondecreasing (as opposed to strictly increasing) the inverse images are again
of the form (—o0, b] for suitable values of b. If we remove the constraint that the limits as
w — Foo be infinite, we admit () and R as possible inverse images. Finally, if we drop the
continuity assumption, then the inverse images will take the form (—oo,b] or (—o0,b). In
all these cases, X remains a r.v. on (Q,F).

11. The sigma field generated by a random variable

Billingsley, Sec. 5, Definition; Sec. 13, Measurable Mappings, Mappings into R*; Sec. 20,
Subfields.

As noted in the previous section, we can think of the random variable X as a mea-
surement taken in the course of the random experiment (£2, F, P). Thus if the outcome of
the experiment is w, we can observe X (w) with the aid of a measuring instrument M x.

In introducing the important concept of the o-field generated by X, we will assume
that the instrument M x can be set in an infinity of observation modes indexed by the
real numbers a and denoted by Mx ,. In mode Mx ,, the instrument determines whether
X(w) <aor X(w) > a; that is, it decides which of the complementary events

X (—00,a] ={w: X(w) <a} and X Ha,00) = {w: X(w) > a}

occurs. (Note that the above subsets of Q are events by definition of the random variable;
this is also consistent with our earlier interpretation of an event as a set of outcomes whose
occurrence can be determined.)

The class of events observable by M x is not limited to inverse images of intervals.
As in our earlier discussion of the event space, we may assume that this class contains
the empty set and the sample space, and is closed under complementation and countable
unions, i.e., it is a o-field. Since the “nominal” events observable by M x are the inverse
images of the intervals (—oo,al, it is reasonable to postulate that the o-field associated
with the instrument M x is the smallest o-field that contains these events.

Definition.

Let X be a random variable on (2, F, P). We denote by o(X) the o-field generated
by the events {w : X(w) < a} as a varies over the real line. Thus

o(X) ¥ J<{X_1(—oo,a] La € R}) .

o(X) is referred to as the o-field generated by X.
Corollary. o(X) C F.

To see this, note that the generating collection
g = {X_l(—oqa] ta € R}
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is contained in F. Thus o(X) =0(G) C F.

Examples
Consider the three examples of the previous section.

(i) (Q, F) arbitrary, A € F, X = I4. We have seen that the inverse image X ~!(—o0, d
is one of the three sets
0, A°, Q.

Thus
U(X) = a({®7AC>Q}) = {(Z),Q,A,AC}’

and I4 allows us to determine the occurrence of a single nontrivial event, namely A.

(i) (2, F) is again arbitrary, and

o0
= Z CjIEj s
j=1
where the ¢;’s are distinct and the events E; form a countable partition of €. In this case
the inverse images satisfy
XY (—o00,a] = U E;

Jj€Ja

for J, = {j : a > ¢;}. Thus every inverse image lies in the o-field generated by the
partition {E7, Es, ...}, and hence

O'(X) C U({El,EQ,...}) .

We claim that the reverse inclusion is also true. To show this, it suffices to prove
that every atom Ej of the partition lies in ¢(X). Noting that (by distinctness of the ¢;’s)
E; = X~'{c¢;}, and that

{ej} = (=00, ¢)] U —00, ¢j —n"'],

we obtain

oo
— X -1
E;, = X ' (—o0,¢,] U —00, ¢;—n .

Since the above expression involves countably many operations on inverse images of inter-
vals (—00, a], we have that E; € 0(X). Hence we conclude that

o(X) = o({B1, Bs,...}) .

Thus the o-field of a discrete r.v. is the o-field generated by the corresponding countable
partition.
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(iii) (2, F) = (R,B(R)), and X (-) is continuous, strictly increasing and unbounded
both from above and below. In this case an inverse function X ! exists, and its range
equals R. Then

X7 (=00,a] = (~00, X '(a)]

and since X ~!(a) takes all possible real values, we have

{X‘l(—oo,a] ta € R} = {(—oo,a] ca € R} .
As the collection on the r.h.s. generates the Borel field of the real line, we have
o(X) = B(R) = F.

Thus the r.v. X is completely informative about the underlying experiment: the occurrence
or not of any event can be determined using X.

Remark. As it turns out, the above result is true even without assuming that X|(-)
is continuous and unbounded. However, it is essential that X (-) be strictly increasing. If
it were not, e.g., if X(-) were constant over an interval (c,d), then the instrument Mx

would not be able to distinguish between outcomes lying in that interval. Thus no proper
subset of (¢,d) could lie in o(X), and o(X) # B(R).

An alternative, somewhat more direct, representation of o(X) exists by virtue of the
following theorem.

Theorem. The o-field generated by a random variable is the collection of all inverse
images of Borel sets on the real line. Thus if X is a r.v. on (2, F, P),

o(X) = {X"YH): HeBR)} .

To prove this theorem, we use the following simple lemma.

Lemma. Let ) be arbitrary, and f a real-valued function on 2. Then

(i) if B is a o-field of subsets of R, the collection {f~'(H) : H € B} is a o-field of
subsets of €2;

(ii) if A is a o-field of subsets of €2, the collection {H C R: f~1(H) € A} is a o-field
of subsets of R.

The proof of the lemma is straightforward and is left as an exercise. The identity
U, Hi) = U, f~1(H;) is useful in establishing closure under countable unions.
Proof of Theorem. For convenience let £L={X'(H): H € B(R)}.

LD o(X): Since B(R) is a o-field of subsets of R, the collection £ is a o-field of
subsets of by statement (i) of the above lemma. Since all intervals lie in B(R), we have
that

L D {X_l(—oo,a]:aeR},
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and hence £ also contains the o-field generated by the collection on the r.h.s. Thus
LD o(X).
L Co(X): Let
H={HCR: X Y(H)<co(X)}.

This collection is a o-field by statement (ii) of the above lemma. Furthermore, it contains
every interval (—oo,a] since X !'(—o0,a] € o(X). Hence H also contains the o-field
generated by such intervals, namely the Borel field B(R) of the real line. Thus X ~}(H) €
o(X) for every Borel set H, or equivalently, £ C o(X).

The above characterization of o(X) conforms with our intuition about event spaces
and random variables. Indeed, the class of subsets H of the real line for which X € H can
be tested should be a o-field. One would also expect this o-field to be generated by the
sets that are directly observable using the instrument M x, namely the intervals (—oo, al.
Thus we obtain the Borel field, and infer that the class of events in F that can be observed
using X or Mx is

{X"YH): HeBR)}.

This is precisely the statement of the above theorem.

Remark. Note that in Example (ii), the fact that E; € o(X) follows directly from
the above theorem by noting that {c;} € B(R).

Equivalent definition of random variable. From the above theorem it follows
that X : Q+— R is ar.v. on (Q,F) if and only if X 1(H) € F for every H € B(R).
12. Operations on random variables
Billingsley, Sec. 13, Measurable Mappings, Mappings onto R*.

Convention. We shall reserve the term random variable for functions defined on
a measurable space (€2, F) which is part of a probability space (2, F, P). For functions
which satisfy the definition of the random variable as given in Section 10, but which are
not defined on a measurable space associated with a probability experiment, we will use
the term measurable function.

Operations on finite sets of random variables

1. Every piecewise continuous real-valued function on R is a measurable function on
(R, B(R)) (proof of this fact can be found in Billingsley). Thus most real-valued functions
on R encountered in practice are measurable functions.

2. If X isar.v. on (2,F) and g is a measurable function on (R, B(R)), then the
composition Y = g o X defined by

Y(w) = (goX)(w) = g(X(w))
is also a random variable on (€2, F).
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To prove this, we show that Y ~1(H) € F for every Borel set H. Indeed,
YHH) ={w:g(X(w)) € H} = {w:X(w)€g '(H)}
= X"H(g~'(H)) .

Since g is a measurable function on (R, B(R)), the set g~(H) is a Borel set; since X is a
r.v. on (9, F), the set X (g~ (H)) is an event.

Thus for example, if X is a r.v. on (£, F), so are the functions a X, eX and T, (X).

3. (without proof) If X and Y are r.v.’s on the same measurable space, then so are
X +Y, XY and max(X,Y).

Thus if X4,...,X,, are random variables on the same probability space, and
g: R"— R

is a function composed by a finite number of additions, multiplications and maximizations,
then
Y(w) = g(X1(w),..., Xn(w))

defines yet another random variable on (€2, F). As we shall see later, this property extends
to most scalar-valued functions on R™ encountered in practice.

Operations on sequences of random variables

Suppose X1, Xo, ... is a sequence of random variables on (Q, F). If
g: RN—R,
then we can define a function Y'(-) on Q by

Y(w) = g(X1(w), Xa(w),...) -

Operations such as the above on sequences of r.v.’s often yield infinite values. For
example, if we take

Y = Y IX)

then it is conceivable that Y (w) will be infinite for some w € Q. Thus it seems desirable to
extend the definition of a random variable to functions that take 0o as values, provided
these values are “observable” according to the interpretation of the previous section. We
do so as follows.

Definition

An extended random variable on (€2, F) is a function Y on €2 into RU{—o00, +o0} =
[—00, +00] such that the set

Y l-00,a] = {w:Y(w) <a}
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lies in F for every a € [—o0, 00].

An equivalent definition is the following: Y is an extended r.v. on (€2, F) if there exists
arv. X on (Q,F) and events Ay and A_ in F such that

+oo ifweAd;;
X(w) = ¢ —o0o ifweA_;
X(w) fwe(AyUA_)°.

For most transformations g of interest, the function ¥ = ¢g(Xi, Xo,...) will be a
random variable. We show this for the important case in which Y is the supremum (or
infimum) of the random variables X7, Xo, . ...

Digression on suprema and infima

We say that a nonempty set S of real numbers is bounded from above if there
exists a number b € R such that every element in S is less than or equal to b. Such b is
called an upper bound of the set S.

Example. S; = (—o0, 1) is bounded from above by 2, which is an upper bound of
S1. The set S; = N is not bounded from above.

Axiom. Every nonempty set S C R that is bounded from above has a least upper
bound (lL.u.b.).

Based on this axiom, we define the supremum of a nonempty set S as follows:

400, otherwise.

{ Lu.b. of S, if S is bounded from above;
sup S =

Listed below are a few elementary properties of the supremum:
1. If supS € 5, then sup S = max S.

2. If S is finite, then sup S € S. If S is infinite, then sup .S may or may not lie in S.
For example,
sup(0,1] =1€ 5, sup(0,1) =1¢ S .

3. If S is bounded from above, then sup S is the unique real number ¢ with the
property that for every a < t < b,

(a, t]NS # 0, (t,b)NS = 0.
4. For all a € R, the following equivalence is true:

supS<a & MreS)z<a.

If S comprises the terms of an infinite sequence 1, xo,..., it is customary to write
sup,, z,, for sup S.
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The notion of the infimum can be developed along parallel lines. The concepts
bounded from below and greatest lower bound should be transparent; we let inf S equal
the greatest lower bound if it exists, —oo otherwise. Counterparts of properties (1-4) above
can be obtained by noting that

inf S = —sup(-9) .
End of Digression.
We now claim that the function Y'(-) defined by

Y(w) = SlTle X (w)

is an extended random variable on the space (2, F). To see this, consider the inverse
images Y ~1[—o00, a] for all finite and infinite values of a. Clearly

Y H-x} =0, Y H~o0,00] = Q.
For a finite, we use the equivalence stated in (4) above. Thus
Y7l [=o00,a] = {w: supX,(w) <a} = {w: (Vn) Xp(w) <a}

= [w: Xu(w)<a} = ()X, (~00,d] .

n>1 n>1

Since each X, is a random variable, the final expression is a countable intersection of
events, hence also an event. This concludes our proof.

A similar argument establishes that inf,, X, is also an extended random variable.
One can proceed from this point to show that the set C of sample points w over which
lim,, X,,(w) exists is an event, and the function thus defined on C' is an extended r.v. on
the restriction of (2, F) on C.

The outline of the proof is as follows: The set C' consists of those w for which

sup égaX(w) = i%f zlip X(w),

the common value being equal to lim,, X (w). By our earlier result on suprema and infima,
both sides of the above equation define extended r.v.’s on (€2, F), and thus the set C' is an
event. Also, for all a € [—00, +00], we have the equality

{w:limX,(w) <a} = CN {Supligf X(w) <a},

which implies that the above set is an event. In this sense, the mapping w + lim,, X,,(w)
defines an extended r.v. on the restriction of (2, F) on C.
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13. The distribution of a random variable

Billingsley, Sec. 12, Specifying Measures on the Line; Sec. 14, Distribution Functions; Sec.
20, Distributions.

In continuing our discussion of random variables, we bring probability measures into
play. Indeed, the most marked characteristic of a random variable X on (€2, F, P) is that
it induces a probability measure on (R, B(R)) in the following fashion.

By the definition of random variable, the inverse image of any Borel set H under X
is an event in F. Thus if we let

Px(H) = P(X™'(H)) = P{w: X(w) € H},

we obtain a well-defined set function Px on B(R).

We claim that Py is a probability measure on (R, B(R)). Nonnegativity is self-evident,
and normalization follows from

Px(R) = P{w:X(w)eR} = P(Q) = 1.

For countable additivity, consider a sequence Hy, Ho, ... of pairwise disjoint Borel sets. It
is easy to see that the inverse images under X will also be pairwise disjoint. Recalling that

(U] = Uxn.
and that P is countably additive, we obtain

N (U ) - p{X<U m)| = p|Uxam)

7

=D P(XTN(H) = 3 Px(H,) .
Definition

The distribution of a random variable X on (€2, F, P) is the probability measure Px
on (R, B(R)) defined by

(VH € B(R)) Py (H) = P(X\(H))

The interpretation of Px is clear if we associate the random variable X with a sub-
experiment of (2, F, P). The sample space for this sub-experiment is the real line, the
events are the Borel sets, and the probabilities of these events are given by the distribution
of Px. Thus in describing the random measurement X, we can restrict ourselves to the
probability space (R, B(R), Px).
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Specification of distributions

The cumulative distribution function (cdf) Fx of the random variable X on
(Q,F, P) is defined for all z € R by

Fx(z) = Px(—o0,z] = P{w: X(w) <z}.

F'x has three essential properties:
(D1) Fx(x) is nondecreasing in x;
(D2) limgyo0 Fix(x) =1, limy| oo Fix () = 0;
(D3) Fx is everywhere right continuous: (Vx) lim.|o Fx(z + €) = Fx ().

To show (D1), we note that
r<1r = (—oo0,z] C(—00,2'] = Px(—o00,z] < Px(—00,7'].

Monotone continuity of Px yields (D2) and (D3) as follows:

r— 00 n—oo

lim Fx(z) = lim Py(—oo,n] = PX(G(—oo,n]) = Py(R) = 1,

r——00 n—oo

lim Fx(z) = lim Px(—o0,—n| = PX( (—oo,—n]) = Px(0) = 0,

liﬁ)lFX(ac—ke) = lim Px(—o0, z4+n"'] = PX( (—o0, x—f—n_l]) = Px(—o0,z] .
€ n—oo n—1

It is worth noting that X is not always left continuous: if we evaluate the quantity
lim.|o Fx (z — €) in the above fashion, we obtain

el0 n— oo

lim Fy(x —¢) = lim Px(—oo0, z —n"'] = Px(Ej(—OO, x—n_l]) = Px(—o0,1) .

n=1
Thus
lif(rleX(a: —€) = Fx(x)— Px{x},

and Fx is continuous at = (both from the left and the right) if and only if Px{z} = 0.

The general form of Fx is illustrated below. The magnitude of each jump is given by
the probability of the corresponding abscissa.
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Conditions (D1-3) are clearly necessary for a function to be a cumulative distribution
function. As it turns out, they are also sufficient, in that any function possessing these
properties is the cdf of some random variable. This is by virtue of the following theorem.

Theorem. Let F' be a function on the real line satisfying conditions (D1-3). Then
there exists a measure P on (R, B(R)) such that

P(—00,a] = F(a)

for every a € R. Furthermore, there exists on some probability space (€2, F, P) a random
variable X such that Px = P, Fx = F.

To prove this theorem, we follow a procedure similar to the construction of the
Lebesgue measure in Section 9. Briefly, we consider the field Fy consisting of finite disjoint
unions of bounded semi-open intervals on the real line. We define a set function ) on Fy
by letting

QW) =0,  Qled = F(d)—Fle) ,

and extending @) to all members of F{ in the obvious manner. It is possible to show that @
is countably additive on Fy and thus possesses a unique extension to a probability measure

P on o(Fy) = B(R). Then for all a € R,

P(—o0,a] = lim P(—n,a] = Q(a) — lim Q(—n) = Q(a) .

The second statement of the theorem follows immediately from the above construction
if we take (R, B(R)) as the probability space, with X being the identity transformation
X (w) = w. Indeed for every Borel set H,

Px(H) = Plw: X(w)e H} = Plw:we H} = P(H),
and thus also F'x = F.
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Thus there is a one-to-one correspondence between probability measures on the real
line and functions satisfying (D1-3). Any such measure is completely specified by its cdf,
and conversely, any function possessing these three properties defines a probability measure
on the real line.

The Lebesgue measure on the unit interval can be obtained from the cdf

1, ifz>1;
F(a:):{x, if 0 < <1
0, ifz<O0.

Indeed, the corresponding measure P is such that
P(0,1] = F(1)—F(0) = 1,
and for every (a,b] C (0,1],
P(a,b] = F(b)—F(a) = b—a..

Thus the restriction of P on the Borel subsets of the unit interval is identical to the
Lebesgue measure on that interval.

Notation. We will also use the symbols px and v to denote measures on the real line
or subsets thereof.

Decomposition of Distributions

Any cdf F' can be decomposed into cdf’s of three distinct types: discrete, absolutely
continuous and singular. By this we mean that we can write

F = 041F1+C¥2F2—|—043F3,

where
ai,az,03 >0, a;+az+az3=1,
and the functions Fj, F, and F3 have the following properties.

Iy is a discrete cdf. A discrete cdf corresponds to a measure which assigns probability
one to a countable set {cy, ca, ...} of real numbers. It is easily seen that all discrete random
variables have discrete cdf’s. Assuming that the probabilities of the ¢;’s are given by the
pdf (p;)ien, we can write

F1(£C> = Z Pi = szl[cz,oo)<m)>

e, <z 1€N

and thus F} is the countable sum of weighted step functions.

F5 is an absolutely continuous cdf. An absolutely continuous cdf has no jumps. Its
defining property is

) B = [ "oy
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for a nonnegative function f called the probability density function, or pdf, or simply
density of F5.

Remark. The above integral can be interpreted in the usual (Riemann) sense; this
is certainly adequate from the computational viewpoint, as most densities encountered in
calculations are piecewise continuous, hence Riemann integrable. For such densities, it is
also true that

Fy(x) = f(x)

at all points of continuity of f; furthermore, the values taken by f at its points of discon-
tinuity do not affect the resulting cdf F5. Thus in most cases of interest, the density of an
absolutely continuous cdf is obtained by simple differentiation.

F3 is a singular cdf. Singular (or more precisely, continuous and singular) cdf’s are
seldom encountered in probability models. Such functions combine the seemingly incom-
patible features of continuity, monotone increase from 0 to 1, and almost everywhere
existence of a derivative that is equal to zero. The last property is interpreted by saying
that any interval of unit length has a Borel subset A of full (i.e., unit) measure such that
Fi(z) = 0 on A. Examples of such unusual functions can be found in Billingsley (under
Singular Functions, Sec. 31) and various textbooks on real analysis (under Cantor ternary
function). We shall not concern ourselves with explicit forms of singular cdf’s.

The general forms of F, F5 and Fj is illustrated below; unfortunately, the microscopic
irregularities of F3 are not discernible on graphs of finite precision and resolution.

Before looking at a numerical example, we note that the above decomposition of cdf’s also
holds for probability measures on the real line. Thus if p is the measure on (R,B(R))
corresponding to the cdf F', we can write

Bo= oy + agpg + asps

where for every i, u; corresponds to Fj.

Example. Let (2, F, P) = (R, B(R)), where the measure p has the Laplace density

f(x) = %e"”" (r€eR).

40



Define the random variable X on (Q, F, P) by X (w) = w?I}g o) (w).

Since X is nonnegative, we have for x < 0

For z > 0 we have X (w) <z < w < /z, and thus

X(w)

oo

FX (x)
Thus
FX (I)
where
F1 (.’17)
F(X)
_____ 1
0

F; is differentiable everywhere except at the origin:

Fy(z) = 0

Fi(z) = ! eV (z>0).



Thus we may take the density of F5 as

e_\/5

fz(x> = 2\/5 I(O,oo)(:t).

14. Random vectors

Billingsley, Sec. 12, Specifying Measures in R*; Sec. 13, Mappings into R*; Sec. 20, Ran-
dom Variables and Vectors, Distributions.

A k-dimensional random vector on ({2, F, P) is an ordered k-tuple of random vari-
ables on the same probability space. Thus any k random variables Xi,..., Xy define a
random vector

X = (X1,...,Xk),

and X defines a mapping on €2 into R* through
X(W) = (Xl(w)a ) Xk(w)) :

The figure below illustrates a three-dimensional random vector X = (X7, X, X3). At
the particular sample point w shown, X(w) = (a1, az, as).

Xl
a | X

ag |

To interpret the concept of a k-dimensional random vector X, we follow our earlier
development on random variables. We postulate the existence of an instrument Mx that
can be set in an infinity of modes Mx , indexed by

a = (a,...,a;) € RF.
For any such a, it is possible to determine whether or not
Xi(w)<ay, ..., Xp(w) <ag
simultaneously, or equivalently, whether or not X € C', where
C = (—o0,a1] X -+ x (—o0,ak] .

42



The corresponding event in F is

X HC) = {w: X1(w) <ay,..., Xp(w) <ap}.

A set C C R* of the above form will be called a k-dimensional lower rectangle.
In many respects, lower rectangles are to random vectors what intervals (—oo,a| are to
random variables (in the one-dimensional case, all lower rectangles are intervals of that
form). This will become transparent in what follows.

The sigma-field generated by a random vector

For a k-dimensional random vector X on (2, F, P), we define o(X) as the sigma-field
generated by the directly observable events, i.e., the inverse images of lower rectangles.
This is in direct analogy to our definition of o(X) in the one-dimensional case. Thus

o(X) & 0<{X_1(C'a) ac R"’}) ,
where C, denotes the lower rectangle with vertex at the point a = (aq,...,a,):
Ca = (—00,a1] X -+ X (—00,ay] .

Recall that in the one-dimensional case, a direct representation for o(X) was obtained
in terms of the inverse images of all Borel sets in R, or sets “generated” by intervals
(—00,al. The same argument can be applied in the k-dimensional case to show that
o(X) consists of the inverse images of all Borel sets in R”, i.e., sets “generated” by lower
rectangles C,. We therefore have

o(X) = {X"'(H): HeBR"},
where B(RF) is the Borel field of the k-dimensional Euclidean space:

def

BRF) = 6{Cy: acR"}.

The collection B(RF) contains most sets of interest in R*. In particular, smooth
shapes and surfaces associated with continuous mappings on R*~7 into R/ are Borel sets.
In the two-dimensional case, for example, most “nice” sets are Borel because they are
expressible in terms of countably many operations on rectangles (aj,b;] x (ag,bs]; these
are Borel since

(a‘].)bl] X (a/27b2] - <Cb1b2 - Cb1a2> N <Cb1l)2 - Calbg) .

This is illustrated in the figure below.
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The distribution of a random vector

The distribution of the random vector X = (X1,..., Xy) on (Q,F, P) is the proba-
bility measure Px on (R¥, B(R¥)) defined by the following relationship:

Px(H) ¥ p(X1(H)) = P{w:X(w) e H}.

That Px is indeed a probability measure is easily established as in the one-dimensional
case. In describing the sub-experiment that entails observation of the random vector X,
it suffices to consider the probability space (R¥, B(RF), Px).

The distribution Px yields a cumulative distribution function Fx, which gives,
for every point x = (x1,...,2x), the probability of the lower rectangle with vertex at that

point:

Fx(x) ¥ Px(Cx) = Plw: Xi(w) <a1,..., Xe(w) < 1)}

We also call Fx the joint cdf of X,..., X}, and use the alternative forms

Fixy..xy = Fx,.x, = Fx .

A j-dimensional marginal cdf of X is the cdf of any j-dimensional subvector of X,
i.e., any random vector obtained from X by eliminating k£ — j of its constituent random
variables. Any marginal cdf can be easily computed from Fx using the formula

FleXj(iL'l,...,(lfj) = hm FXI___Xk(IEl,...,l’k) .

This is so because given any k — j sequences (a(j+1)n)neN,. e (a(k)n)neN that increase to
infinity with n, we can write

{w: Xj(w) <zq,...,Xj(w) <z;} =
= lim{w: X;(w) < z1,..., X;(w) <z, X0 <aVtD . X <alP}

The sought result then follows by monotone continuity of P.
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Counterparts of properties (D1-3) are easily obtained by re-interpreting inequalities
and limits componentwise. Thus

(1) if z; < y; for all 4, then Fx(x) < Fx(y).

(2) Fx approaches unity when all arguments jointly increase to +oo; it approaches
zero when one or more arguments decrease to —oo;

(3) if y; | ; for all 4, then Fx(y) | Fx(x).

It is worth mentioning that unlike the one-dimensional case, the above conditions are
not sufficient for a k-dimensional cdf if £ > 1. One needs to strengthen (1) so as to ensure

that every rectangle
(a17b1] X X (ak7bn]

is assigned nonnegative probability; in its present form, (1) only guarantees this for proper
differences of lower rectangles. Details on the needed modifications and proofs are given in
Billingsley, Sec. 18. For our purposes, it suffices to note that any k-dimensional distribution
is completely specified by its cdf.

We say that Fx is discrete if the measure Px on (R*, B(R¥)) assigns probability
1 to a countable set in R”; this is certainly true if the vector X is itself discrete. The
general form of Fx can be obtained as in the one-dimensional case, and can be written as
a weighted sum of countably many indicator functions of upper rectangles

[a1,00) X -+ X [ag, 00) .

Fx is absolutely continuous if it possesses a nonnegative pdf fx = fx,. x, such
that for all x € R”,

T X
FXl...Xk(xla--ka) = / / le...Xk(tla---ytk)dtl"'dtk .
— 00 —00

By our earlier result, the marginal cdf for the first j components is given by

t =00 tr =00 thCCj ti1=x1

FleXj(.’Bl,...,xj) = / / / / le.”Xk(tl,...,tk)dtl"'dtk.

tszoo tj+1=700 tj:*OO tlzfoo
It follows that Fx, . x; is itself absolutely continuous with density

tk:OO tj+1:OO
Ixi.x; = / / fxixe(t, o te) dtjpn - - dty
¢ ¢

Kk=—00 j+1=—00

In most practical cases, a pdf f of an absolutely continuous F' can be obtained by
taking a mixed partial derivative of F' where such derivative exists, and setting f equal to
0 elsewhere (usually on a simple boundary A C R¥):

OFF(z1,...,11)
8.1’1 < 8%].;;

flxy,. ... x) =

The(zy,...,x8) -
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As in the one-dimensional case, it is possible to decompose a k-dimensional distribu-
tion F' into components F; (discrete), Fy (absolutely continuous) and F3 (singular). One
important difference here is that for £ > 1, the singular component F3 need not be a
continuous function if k > 1.

To see an instance of this, consider the space ((0, 1], B((0, 1]),,u) with © = Lebesgue
measure, and let X;(w) = w, Xo(w) = 0. It is easily shown that the cdf of the random
vector (X1, X>) is given by

Fx,x,(x1,22) = (1131[(0,1](161) +I(1,oo)(=’131))[[0,oo)(5112) -

This function is illustrated below, where the discontinuity along the half-line x; > 0,
x9 = 0, becomes evident.

F(X3, %) |

\

The mixed partial derivative 0%F X, X, (71, x2)/0x10x4 is zero everywhere except on a
handful of half-lines. Now lines on a plane are as paltry as points on a line: if we define
a Lebesgue measure on the unit square by assigning to each rectangle a measure equal to
its area, then any line segment contained in that square will have probability zero. Thus
O?F(z1,12)/0x10x5 is “almost everywhere” zero, and by extrapolating from our definition
of singularity in the one dimensional-case, we can say that F'x, x, is singular.

It is worth noting here that the discontinuity of F'x, x, in the above example is some-
what coincidental: the corresponding measure Px,x, is uniformly distributed over an
interval of unit length that happens to be aligned with one of the axes. A simple rotation

of that interval can remove this discontinuity. Thus if on the above probability space we
define

X3(w) = Xa(w) = w/\/§,

then Px,x, is uniform over an interval of unit length, yet
Fx,x,(x3,24) = (\/§I3 AV2z4 N 1) V0.

(Here “A” denotes minimum and “V” maximum.) This function is clearly continuous
everywhere.
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In conclusion, we should note that discrete and singular measures on R* share one
essential feature: they assign probability one to Borel sets whose intersection with any
k-dimensional unit cube has zero Lebesgue measure, or “volume.” The key difference is
that discrete measures are concentrated on (countably many) points, whereas singular ones
are not. This raises a question as to why singletons alone should receive special treatment
in higher-dimensional spaces (in the case k = 3, for example, one could also distinguish
between singular measures concentrated on curves and ones concentrated on surfaces). It is
difficult to give a satisfactory answer; in fact, in the mathematical literature, all measures
assigning unit probability to sets of Lebesgue measure zero are termed singular, and thus
discrete measures are subsumed under singular ones.

15. Independence
Billingsley, Sec. 4, Independent Events; Sec. 20, Independence.

Independent events

The concept of independence stems from elementary considerations of conditional
probability. Recall that if A and B are two events in a probability space (€2, F, P) such
that P(A) > 0, then the conditional probability of B given A is defined by

P(BNA)

P(BIA) = =5 p

Independence of A and B is defined by
P(ANB)=P(A)P(B) .
This is easily seen to imply P(B|A) = P(B) if P(A) > 0, and P(A|B) = P(A) if P(B) > 0.

Thus intuitively, two events are independent if knowledge of occurrence of either event does
not affect the assessment of likelihood of the other.

A finite collection {A4,...,A,} of events in (2, F, P) is independent if for every set
of distinct indices {i1,...,i.}C {1,...,n}, the following is true:

P(A;,N---NA;) = P(Ay)--P(A;) .

It is worth noting that independence is not affected if we replace one or more events in
the collection by their complement(s). To see this, assume independence of the above
collection and write

P(A;, N NA) =
P(A,N---NA;) =

Upon subtraction, we obtain
P(A; NA;,N...NA; ) = P(AS)P(A,)---P(As,) ,
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and thus independence will still hold if we replace A;, by Af .

The above observation leads to the following alternative (albeit hardly more econom-
ical) definition of independence: Aj,..., A, are independent if and only if

P(BiN---NB,) = P(By)---P(By)

for every choice of events B; such that B, = A; or B; = A{. The “only if” part was
established above. To see that this condition implies independence (the “if” part), we can
show that the above product relationship is true for all choices of n — 1 events B;, and
then proceed to n — 2, n — 3, etc. (or use induction for brevity).

Remark. Independence of a collection of events implies pairwise independence of
events in the collection:

{A1,..., A, } independent = (Vi #j) {Ai, A;} independent .

It is not difficult to show by counterexample that the reverse implication is not true. Thus
it should be borne in mind that independence of a collection is equivalent to independence
of all its subcollections; there is nothing special about subcollections of size two.

Independent random variables and vectors

A finite collection of random variables {X;,..., X,,} on the same probability space
(Q, F, P) is independent if for every choice of linear Borel sets H;, ..., H,,

PX Xn(Hlx"'XHn) = PXl(Hl)"'PXn(Hn)a

T1een

or equivalently,
P(Xfl(Hl) AN anl(Hn)) — P(X:"Y(HY)) - P(Xn (H,)) .
Put differently, {X1,..., X, } is independent if for every choice of 4; € o(Xy), ..., A, €

0(X,), the collection {Ay,..., A, } is itself independent (convince yourselves!).

Independence of random variables implies that their joint cdf can be written in a
product form:

Fx,. x,(x1,...,2n) = Fx,(x1) - Fx, () . (1)

This is seen by substituting H; = (—o00, ;] in the above definition.

If each cdf F, is absolutely continuous with pdf fx,, the above product relationship
(1) can be written in the equivalent form

Ixi.x, (@1, mn) = fx (@) fx, (2n) (2)

To see this, consider the integral of the n-variate function on right-hand side over the lower
rectangle with vertex at (z1,...,z,):

/ / fx (t) - fx, () diy - (/_:: fxi (t1) dtl) (/_Z fx, (tn)dtn>

= FXl(I‘l)'“FXn(:Cn) .
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Thus if (1) is true, the joint pdf can be taken to be the product of the marginal pdf’s.
Conversely, if (2) is true, the joint cdf is the product of the marginal cdf’s.

For discrete r.v.’s, we can write a similar product relationship for the pmf’s by taking
the sets H; to be singletons. Thus if x1, ..., z, are points in the range of X1,..., X, then

Py, { (@1 mn) b = Px{aa}o Py, o) (3)
The equivalence of (1) and (3) can be established as above; integrals are simply replaced

by sums.

In the foregoing discussion we saw that the product relationship (1) for cdf’s is neces-
sary for independence. As it turns out, it is also sufficient; thus to establish independence
of Xq,...,X,, it suffices to show that

Fx, x,(x1,...,2n) = Fx,(z1) - Fx,(xp) .

This equivalence is proved with the aid of the following important fact

Theorem. Let B be a fixed event and A a collection of events that is closed under
intersection and such that
P(ANnB) = P(A)P(B)

for every A in A. Then the same product relationship also holds for every A in o(A).

For a proof of the above statement, see Billingsley, Sec. 4. We apply it by considering
the collection

A = {X;{Y(~o00,21]: z1 €R},

which is both closed under intersection and such that o(A) = o(X7). We also let
B = X;'(—o0,z5] N -+ N X (00,2,
for fixed zo,...,x,. Assuming that (1) is valid, we can write
Fx, x, (x1,...,2n) = Fx,(x1)Fx,. x,(x2,...,25) ,

or equivalently,
P(ANnB) = P(A)P(B) .

By the above theorem, this will also be true for all A € o(A) = 0(X;), and thus for every
Borel set Hq,

Px, x,(H1 xCy, ) = Px,(H1)Px,. x, (ng...:rn> «

We continue in the same fashion to replace (—oo, z2] by Hs, and so on.
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Exercise. Using a similar technique, prove the following intuitively plausible fact: if
the collection {X,Y, Z} is independent and g, h are Borel measurable functions on R and
R2, respectively, then the collection {g(X,Y),h(Z)} is also independent.

The concept of independence can be extended to random vectors by replacing uni-
variate distributions by multivariate ones. Thus two random vectors X € R*¥ and Y € R!
are independent (or, more precisely, form an independent pair) if

PX’Y(G X H) = Px(G)Py(H)
for all G € B(R¥) and H € B(R'); equivalently,

Fxy(xy) = Fx(x)Fy(y)

for all x € R* and y € R!. Note that this does not imply that Fx and Fy can each be
written in product form, i.e., that the individual components of X and Y are independent.
On the other hand, by taking suitable limits on both sides of the last relationship, it is
easily seen that any subvector of X and any subvector of Y will form an independent pair.
For example, if X = (X7, X2, X3) and Y = (Y7, Y5) are independent, then so are (X7, X5)
and Y7; yet neither of the collections { X7, X2, X3} and {Y7, Y5} need be independent. The
above definition can be extended to a finite collection of random vectors {X™1) ... X}
in an obvious way, and product relationships for pdf’s and pmf’s can also be established.

It is worth noting here that independence of random variables can be used to define
independence of events:

{44,...,A,} independent = {Ia1,...,14,} independent .

To see this, choose events By, ..., B, such that B; is either A; or Af; correspondingly, let

(Vi) P(B;) = P{w: I4,(w) =05},
P(BiN---NB,) = P{w: Ia, (@) =b1, ... 14, (W) :bn} .

Thus {Ai,...,A,} is an independent collection if and only if the indicator functions
Iaq, ..., 14, satisfy the product relationship (3) above, i.e., they are independent.

An infinite collection of events, random variables, or random vectors is termed inde-
pendent if every finite subcollection is independent. Thus a sequence of random variables
X1, Xo, ... is independent if and only if for every value of n, the collection {X1,..., X, }
is independent.

Definition. A collection of random variables X; (or random vectors X of the same
dimension) is identically distributed if every X; (or every X)) has the same distribu-
tion. If, in addition, the collection is independent, the collection is termed independent
and identically distributed (i.i.d.).
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Examples

1. Let Xq,..., X, be independent random variables and define Y by
Y(w) = max{X;(w),..., Xpn(w)} .
As we saw in Sec. 12, Y is also a random variable, and
{w: Y(w) <y} = {w: Xi(w) <y, ..., Xn(w) <y}

Thus

FY(y) = FXan<y7 s ’y) ’
and by invoking independence, we obtain

Fy(y) = Fx,(y) - Fx,(y) -
(If the variables are also identically distributed with common cdf Fx, then Fy = (Fx)".

2. Convolution. Let X and Y be independent with absolutely continuous distribu-
tions. We are interested in computing the distribution of

Z = X+Y.
We have

Fs(z) = Puyl(a.y): e +y<z} = / / o) dedy

The region of integration is shaded in the figure below.

Using independence, we obtain

o) = [ x@ { [ st anfas
(y=t—ux) Z/_o;fx(:z:) {/_;fy(t—x)dt}dm.
_ /_; {/_o;fx(a:)fy(t—x)da:}dt
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Thus Fy is absolutely continuous with density fz given by the convolution of fx and fy:
f22) = [ Ix(@fr(c-a)de,

or fz = fx * fv.
16. Expectation

Billingsley, Sections 15, 16, 17; Sec. 21, Expected Value as Integral, Expected Values and
Distributions, Independence and Expected Value.

Expectation as integral over (2, F, P)
The expectation of a discrete nonnegative random variable X is the weighted average
of the countably many values taken by X, computed using the pmf of X as weighting

function. Thus if X takes nonnegative values ¢y, ¢a, ... with probabilities p; = Px{¢;}, the
expectation of X is given by

EX dZEf ipzcl = Z .CEPX{ZE} .
i=1

z:Px{z}>0

If X is defined on some probability space (€2, F, P), it is possible to express X in terms of
the countable partition Ay, As, ... that it induces:

X(w) = ZCiIAi(w)-

The expectation of X can then be rewritten as
EX =) cP(A).
i=1

We have often depicted the abstract sample space {2 by an interval of the real line.
If we go one step further and replace measure by length, then we can interpret the last
expression for EX as the “area” under the graph of X (w); this is illustrated in the figure
on the left below.

R =EX R X()

Co - 7L X(?) N

= S | )

%t — A S N
| Y()

0 L L Al | A2 | A3 | o 0 L L o
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Note also that “area” and “average height” are identical in the above context, since the
base is of unit “length.”

In order to extend the notion of expectation, or “area,” to an arbitrary nonnegative
random variable X, we use a discrete approximation: the “area” under X (w) is the least
upper bound to the “areas” of all discrete random variables that we can fit under X (w);
ie.,

EX = sup{EY : 0 <Y < X, Ydiscrete} .

If the FY’s are unbounded, then EX takes the value +oc. This definition is illustrated in
the previous figure, on the right. We also say that EX equals the Lebesgue integral of
X with respect to P, and we write

EX = / X (w) dP(w) .

The above equation emphasizes the fact that £ X is defined through discrete approxima-
tions of X on the probability space (2, F, P): expectation is an integral, or “area,” under
the graph of a measurable function, evaluated using a probability measure in lieu of length
on the horizontal axis. As we shall soon see, it is possible to express EX in terms of
the distribution Px; for the moment, however, we can only do this for discrete random
variables.

It turns out that for every nonnegative random variable X there exists a systematic
approximation of X by a nondecreasing sequence of random variables

X1 <Xo<... <X

such that
EFX = supFX, = limFX,.

This approximation is obtained by successive truncations and quantizations of X as follows.
For every n, we restrict the range space from R to [0,n], and we partition [0,n] into 2"
adjoining intervals, each of length 27". If X (w) falls in one of these intervals, we set X, (w)
equal to the left endpoint of that interval; otherwise (if X (w) > n) we set X,,(w) equal to
n. This is illustrated in the figure below.

R X() R
1 X
| L
on [
f
o Q or Q
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In short, we write
M(n)

Xn(w) = Z C](Cn)IA;n) (w) 5
k=0

where M (n) = 2"; c,(gn) =k27" it k < M(n), cg\z)(n)ﬂ = 4o00; and
AP = X )

It can be shown (see Billingsley for details) that EX = lim,, EX,,, and thus

M(n)
EX = / X(w)dPw) = lim Y c,g">p(A§:>) .
k=0

Expectation as integral over (R, B(R), Px)

The above approximation is important in that it allows us to express the expectation
of X as the Lebesgue integral of a measurable function h > 0 on the space (R, B(R), Px).
The function A is the ramp function

h(t) = t1o,00)(t)

and can be approximated by piecewise constant functions in the same fashion as X.

h(t)
- h(®)
|
|
I |
0 t
More precisely,
ha(t) = Y >1H£n> t) ,
k=0

where M (n) and cfcn) are defined as before, and
(n) _ p—1|.(n) (n)\ _ | (n) _(n)
H™W = h ! [ck , Ck—i—l) = [ck , ck+1) .
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To see why E X is the integral of h with respect to Px, we write

/ h(t)dPx(t) = lim | ho(t)dPx (%)

i 3 [, o))
= lim c§j>P(A,§")> - /X(w) dP(w) = EX .
k=0

We conclude that the expected value of a random variable X on (€2, F, P) can be
expressed solely in terms of the distribution of X:

EX = / 0,00y (£) dPx () = / Py (1) .
(0,00

(Notation. A subscript A in the Lebesgue integral sign denotes multiplication of the
integrand by the indicator function of the measurable set A.)

In most cases of interest, evaluation of the above integral is quite straightforward. For
discrete distributions Px, we have already seen that

EX = /(O’Oo)thX(t) = > aPx{z}.

x:Px{z}>0

For absolutely continuous Px with piecewise continuous density fx, it can be shown using
the approximation (h,),en that the Lebesgue integral with respect to Px is given by
Riemann integral as follows:

EX = /(O,OO)thX(t) :/O Eix(t) dt

(Since X is nonnegative, we may replace the lower limit in the Riemann integral by —oo.
For the present, we must keep the subscript (0,00) in the Lebesgue integral, as we have
not yet defined this integral for functions that take both positive and negative values.)

For distributions that are mixtures of the above two types, we use the following simple
relationship: if Px = AP, + (1 — A\) P, for 0 < A < 1, and g is any nonnegative measurable
function, then

/ g(t)dPx(t) = A / g(t)dPy (1) + (1 - N) / o(t) dPs(1) .

Expectations of functions of random variables

We now turn to expectations of nonnegative functions of random variables. Let X be
an arbitrary random variable (not necessarily nonnegative) on (2, F, P), andlet g : R — R
be a nonnegative measurable function on (R, B(R)). As we saw in section 13, the function

(g0 X)(w) = g(X(w))
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is a nonnegative random variable on (€2, F, P). By the result of the previous subsection,
we can write

ElgoX] = Elg(X)] = / 9(X () dP(w) = /( B (t) (1)

Consider now the function g as a random variable on the probability space (R, B(R), Px).
The probability of a Borel set H under the distribution of ¢ is given by

Px(g7!(H)) = P(X/(g7'(H))) = P((9oX)'(H)) = Ppox(H).

Thus the r.v. g on (R, B(R), Px) has the same distribution as the r.v. go X on (2, F, P).
By the result of the previous subsection, we have

/g(t) dpx(t) = /( )thgox(t) . (2)
0,00
Combining (1) and (2), we obtain

Elg(X)] = ElgoX] = /( tdPx(t) = / ot) dPy (1) .

The above result is extremely useful in that it allows us to compute the expectation
of any nonnegative function g of a random variable X in terms of the distribution of X;
thus the distribution of g o X is not needed in order to evaluate E[g(X)].

For Pyx discrete, it is easy to show that

Elg(X)] = > g@)P{a}.

z:Px {x}>0

If Px is absolutely continuous with piecewise continuous density f, and g itself is piecewise
continuous, we can again use a Riemann integral to evaluate FE[g(X)]:

Blg(0)] = [ g(t)dPx(t) = /0 o0 et dt
Example If Y = X2, then

EY = / tdPy(t) = /tzdPX(t).
(0,00)

If Px is absolutely continuous with piecewise continuous density, then the same is true of
Py, and

EY = /Oootfy(t)d(t) = /OothX(t)dt.

0
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It is both interesting and useful to note that the proof of the above result is also
valid for a random vector X replacing the random variable X. Thus if g : R* — R is a
nonnegative measurable function on (R¥, B(R¥)), we can write

Blg(X)] = [ g6)dP(t).

In the discrete case, evaluation of the above is again straightforward. In the absolutely
continuous case, if we assume piecewise continuity of fx and g on RF, we have

=/ / Gty oo ) fx (e, oo t) dby - - dt

Expectation of arbitrary random variables

If X is an arbitrary (i.e., not necessarily nonnegative) random variable on (2, F, P) ,
the expectation of X is defined through a decomposition of X into positive part X+ and
a negative part X ~:

def _ def
X+( ) X( )I{WIX(UJ)>0}(W)7 X (w) = _X(w)l{w:X(w)<0}(w) :

Thus X+ and X~ are nonnegative random variables such that
X = Xt -X—, X = XT+X .

Furthermore, EX T and EX~ are well-defined by the foregoing discussion.
Definition. The expectation of X is defined by

EX ¥ EXT - EX~
if both EX™ and EX ™ are finite, or if at most one of EX ™ and EX ~ is infinite. If both

EX* and EX ™ are infinite, then EX is not defined (i.e., it does not exist).

If EX exists, we can also express it as a Lebesgue integral:

/X )dP(w /XJr ) dP(w /X

If both EXT and EX~ are finite, we say that X is integrable; this is also equivalent to
saying that E|X| < oo, or EX # +oo. If F|X]| is infinite (in which case EX is itself
infinite or does not exist), we say that X is non-integrable.

Example. Consider the probability space consisting of the interval [—7/2, 7/2], its
Borel field, and the measure P that has uniform density over [—m/2, 7/2] (P is a scaled
version of the Lebesgue measure). Define the random variables X and Y by

X(w) = sinw , Y(w) = tanw .
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We have
1 [7/? 1
EXT :/ sinwdP(w) = —/ sinwdw = —
(0,7/2) 0

s s

1 /2
EYt = / tanwdP(w) = —/ tanwdw = 400 .
(0,7/2) ™ Jo

By symmetry, EX~ = EXT and EY~ = EY". Thus EX = 0, while FY does not exist.

Further properties of expectation

(a) Functions of random variables. If g : R — R is Borel measurable (but not
necessarily nonnegative) and E[g(X)] exists, then we can express F[g(X)] in terms of Px
as before. To see this, observe that

(goX)T(w) = g7 (X)), = (90X) (w) = g (X(w)),

and hence by our earlier result,
El(go X)*] = Elg"(X)] = / g (£) dPx (1) |

El(go X)7] = Elg~(X)] = / g™ () dPx (1) .

Our latest extension of the definition of expectation yields

Elg(X)] = ElgoX] = / 9(t) APy (t) |

whenever either side of the equation exists. By taking g(t) = ¢, we obtain the important
relationship

EX = / o(t) dPx (1)

Once again, the Lebesgue integrals in the above relationships are usually evaluated by
sums (when Py is discrete) or Riemann integrals (when Py is absolutely continuous with
piecewise continuous density, and g is itself piecewise continuous). One must, however,
exercise care in using such sums and integrals; as a rule, one should compute E[g"(X)]
and E[g~ (X)] separately before giving the final answer. For instance, if g(¢) = ¢t and Px
is absolutely continuous, one would need to evaluate both

EXT = /Ootfx(t)dt and EX~ = —/0 tfx(t)dt .
0

— 00

Example The random variable Y of the previous example has the Cauchy density fy (t) =
7 1(1 4+ ¢2)71. It is tempting to write

/Oo thy (B dt = 0

— 00
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by virtue of the fact that the integrand is an odd function of ¢. Yet as we have seen,
EY does not exist, and restriction of the above integral to (0, co0) and (—oo, 0) yields the
correct results EY ™ = oo, and EY ™ = oo, respectively. The same error could have been
made in the evaluation of EY in the previous example, as Y (w) is an odd function of w.

As in the previous section, we can extend the above results to measurable functions
of random vectors. Again one should exercise care in handling multiple integrals such as

/ / g(tl,...,tk)fx(tl,...,tk>dt1---dtk.

As a rule, one should first decompose g into positive and negative parts, and then evaluate
the two resulting integrals in the usual iterated fashion. One important exception is the
case where integrability of g can be independently established (e.g. by evaluating the above
integral with |g| replacing g¢); then decomposition into positive and negative parts is not
necessary.

(b) Linearity. If X and Y are integrable random variables and «, (3 are real constants,
then
ElaX +3Y] = aEX + (EY .

This is easily shown using linearity of sums and integrals for cases in which the pair (X,Y)
is discrete or absolutely continuous with “nice” density. In the latter case, for instance, we
have

ElaX +pY] = /O:o /Z(Oé$+ﬁy)fXY($,y) dzdy
= Oé/_o:oxdw/_zfXY(Jf,y)derﬁ/_o;ydy/_o;fXY(l‘,y)dﬂﬁ

:a/ acfx(x)d:v—l—ﬁ/ yfy(y)dy = aEX + BEY .

—0

(Note that the assumption of integrability of X and Y enabled us to decompose the
integrals into components without having to worry about indeterminate forms such as
+o0 — 00.)

The proof of linearity in the general case appears in Billingsley.

(c) Independence and Expectation. If Xi,..., X, are independent and integrable
random variables, then the expectation of their product is given by the product of their
expectations:

E[Xl"‘Xn] = E[XI]E[Xn] :

The proof of this fact for arbitrary random variables is given in Billingsley. For the case
of absolutely continuous distributions with piecewise continuous density, we first show
the above result for nonnegative independent (but not necessarily integrable) variables
Yl, ceey Yn:
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ElY: Y, :/O /0 bt (0) - fy (bn) dts - dt

= (/OOO tlle(tl)dt1> </0°° tnfyn(tn)dtn>

Thus if Xi,...,X,, are integrable, we can utilize the above identity with Y; = |X;| to
conclude that the product X; ---X,, is also integrable. By repeating the steps with X;
replacing Y; for every i and —oo replacing 0 in all lower limits, we obtain

E[X1-- X, = E[X1]- E[X.] .

Example. The assumption of integrability was essential in establishing the above
product relationship. Consider a counterexample in which X and Y > 0 are independent

with
O = 5loa® . MO = e Tem ()

(142
In this case E[X*| = EF[X ] = 1/2, while EY = +o00. We have
E(XY)"] = E[(XY)7] = (1/2)(+00) = o0,

and thus E[XY] does not exist. On the other hand, E[X]E[Y] equals 0(+o00) which is
by convention equal to zero. The same error can be made by setting E[XY] equal to the

iterated integral
| { [ arxwac} .

17. Applications of expectation

which is equal to zero.

Billingsley, Sec. 21, Applications of expectation.
Moments and Correlation

For positive integer k, the k** moment of a random variable X is the expectation of
X% (provided it exists).

In what follows we will assume random variables X and Y are square-integrable,
i.e., they have finite second moments. This also implies that X and Y also have finite
expectations (or first moments).

The correlation of X and Y is the expectation of the product XY . This exists and
is finite by virtue of the fact that |XY| < X2 + Y2 and the assumption that X and Y are
square-integrable.
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The covariance of X and Y is the correlation of X — FX and Y — EY, i.e., the
correlation of the original random variables centered at their expectations:

Cov(X,Y) ¥ E[(X — EX)(Y — EY)] .
We also have
Cov(X,Y) = E[XY - X(EY)-Y(EX)+ (EX)(EY)] = E[XY]|—-E[X|E[Y].
If we let X =Y, then we obtain the variance of X:
VarX & Cov(X,X) = E(X — EX)? = EX?— (EX)?.

Since the variance equals the expectation of the nonnegative random variable (X — EX)2,
it is always nonnegative; from the above we also deduce that the second moment of X is
always greater than or equal to the square of its first moment.

We say that X and Y are uncorrelated if Cov(X,Y’) = 0, or equivalently, if E[XY] =
E[X]E[Y]. Thus two independent random variables are always uncorrelated; the converse
is not true, as the following example shows.

Example. Let X be such that EX = 0 and EX2 # 0. Then for o, 3 € R, the
random variable
Y = aX? 46X

is clearly not independent of X. Yet
Cov(X,Y) = E[XY] = aEX®+ BEX?,

which can be zero for suitable o and £.

Thus uncorrelatedness is a much weaker condition than independence. It should be
emphasized that the product relationship by which uncorrelatedness is defined always in-
volves two random variables. Thus when speaking of a collection of uncorrelated variables,
we understand that every two variables in the collection satisfy the said relationship; we do
not imply the validity of product relationships involving three or more variables at once.
This is in clear contrast to the case of independence. Another salient difference between
uncorrelatedness and independence is that the former is not preserved under measurable
transformations of the variables involved, whereas the latter is.

Using the definition of covariance and the linearity of expectation, it is easy to show
that for square integrable variables X1,..., X3, and Y7,..., Yy,

M
Cov (Z CLZ'XZ' —+ bi,
=1

N

M N
CjY}' —f—dj) = ZZCLZ’C]'COV(XZ',X]') .

j=1 i=1 j=1

In particular, covariance is not affected by additive constants.
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The Cauchy-Schwarz inequality

The Cauchy-Schwarz inequality states that for square-integrable random variables X
and Y,
(E[XY))* < E[X*E[Y?],

with equality if and only if there exists a constant A such that X +\Y = 0 with probability
one.

To prove this, consider the nonnegative random variable Z, defined by
Zy = (X +2Y)2.
Here ) is a (nonrandom) constant. We have
EZy = E[X? 4+ 2 XY + \*Y?]
= E[X?] + 2)AE[XY] + N E[Y?] > 0,

where the last inequality follows from the fact that Z, > 0. Since the inequality holds for
all A, we have (by the elementary theory of quadratics) that

(2E[XY])? < 4E[X?|E[Y?, or (E[XY])?<E[X?E[Y?.

This establishes the sought inequality. Equality will hold if and only if the quadratic has
exactly one real root (of multiplicity two), i.e., there exists a unique A such that

EZy, = 0.
Since Zy > 0, the above statement is equivalent to
Zy =0, or X4+ =0

with probability one.

Remark. It is clear that if Z, = 0 with probability one, then EZ) = 0. To see why
EZ, > 0 if the inequality Z) > 0 is true with positive probability, note that the event
over which Z) > 0 holds can be decomposed into events over which r=! < Z < (r — 1)1
for r € N. If Z, > 0 with positive probability, one of the above disjoint events has
positive probability, and thus Z) is lower bounded by a simple random variable of positive
expectation.

A corollary of the Cauchy-Schwarz inequality is obtained by centering the random
variables at their expectations:

(cov(X, Y)>2 < VarX - VarY

with equality if and only if there exist constants A and ¢ such that X + \Y = ¢ with
probability one.
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The Markov and Chebyshev inequalities

Notation. Where there is no ambiguity about the choice of probability space, we will
use “Pr” as an abbreviation for “probability that.” For example, on a probability space
(Q7 F? P)7

Pr{infinitely many A;’s occur} = P(limsup 4;) ,

Pr{XeH} =Plw: X(w)e H} = Px(w) .

Consider a nonnegative random variable U. For a positive constant «, the Markov
inequality provides an upper bound to Pr{U > a} in terms of the expectation EU. To
derive this inequality, we consider the functions

9(t) = aljae0)(t) and h(t) = tlu)(t)

defined on the real line.

h(t)

o b 9()

Since

IN

g(t) < h(t),

it is also true that
/g(t) dPy(t) < /h(t) dPy(t) .
or equivalently,
aPyla,0) < EU .
Thus we have obtained the Markov inequality:

Pr{U > a} < Q
a

The Markov inequality can be applied to an arbitrary r.v. X in order to obtain an
upper bound to Pr{|X| > a} in terms of the " moment of | X|. Indeed, if we set U = | X|,
then
X

Pr{|X| > a} = Pr{|X]" > a"} <
a’f‘
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For r =2, U = | X| and | X — EX]|, we obtain two versions of the Chebyshev inequality:

EX?

Y

PL{X| > a} < =
VarX

a2

Pr{{X - EX| > a} <

Remark. Except for trivial cases, the Markov and Chebyshev inequalities are also
valid with strict inequality signs on both sides of the appropriate expressions. This can be
seen by taking g = I (4, o) in the above.

As an application of the Chebyshev inequality, consider a sequence X7, Xs,... of
square-integrable uncorrelated random variables such that £ X; = u;, VarX,; = 01-2.

We are interested in the behavior of the sample (or time) average

X1 +---X,

of the first n variables. Clearly

1 n 1 n n
E |- X;| = = S
I S ot
=1 =1 =1
and
B T R T
r|— i| = Cov | — i ] = — i Xj
n n n ! Sy Srvae !
1=1 =1 Jj=1 i=1j=1
1 & 1 = ,
(by uncorrelatedness) = mZCOV(Xi,Xi) = §Zo—i .

In particular, if u; = p, 02 = 02, then

|

Thus regardless of the choice of o > 0, we have

1 n
lim P — X; — > = 0.
17rln r{’nz M‘ _a}

=1

1 — 1 o
2y _
ﬁ;_l X; — M‘ > Oé} < n202 (no®) = na?
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As we shall see in the following section, the above statement can be read as “the sample
average converges to the expectation (mean) p in probability.”

18. Convergence of sequences of random variables

Billingsley, Sec. 20, Convergence in Probability; Sec. 25, Convergence in Distribution,
Convergence in Probability.

The notion of convergence of a sequence of random variables was introduced in Section
12. As we saw in that section, if X1, X5, ... are random variables on the same probability
space (2, F, P), then
(i) the set C of w’s for which X (w) converges to a finite or infinite limit is an event (i.e.,
CeF),
(ii) the mapping that carries every w in C' to the corresponding limit defines an extended
random variable on the restriction of (£, F) on C.

In this section we will discuss different modes in which a sequence of random variables
X1, X5, ... may converge to a limiting random variable X. Some modes of convergence are
defined in the framework of the previous paragraph, i.e. in regard to the limiting behavior
of X,,(w) as w varies over a suitable event C. Other modes are defined in an aggregate
sense, and thus do not entail the convergence of individual sequences X3 (w), Xa(w), ....

Remark. It is important to appreciate the difference between two expressions such

Xl(w),XQ(w), e

and
X1, Xo,....

For a given w, the former is a sequence of numbers; the latter is a sequence of functions on
Q. Thus there is nothing equivocal about the statement “X,(w) converges;” on the other
hand, as we shall soon see, “X,,” converges” could mean one of several things.

In what follows, all random variables are defined on the same probability space and
are finite-valued (i.e., they are not extended random variables).
Definitions
(a) Pointwise convergence on ). The sequence (X,,),en converges to X pointwise on
Q if
(Vw € Q) lim X, (w) = X(w) .
n

Thus in this case, the set C' introduced above coincides with €.

(a) Almost sure convergence. The sequence (X,,),en converges to X almost surely if
the event A over which
lim X, (w) = X(w)
n

has probability one. In this case, the set C' introduced above contains A as a subset, and
thus P(C) = 1. We write X,,“3 X.
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It is instructive to derive an alternative representation of the event
A= A{w: limX,(w) = X(w)} .
n

To this end we recall the definition of convergence of a sequence (a,)nen to a finite limit
a:

lima, = a <= (V)3m)(¥n>m)|a—a,| < ¢ *.

n

Here m, n, and ¢ are taken to range over N. We also note that in Section 12 we gave
an alternative definition of convergence of real sequences in terms of iterated infima and
suprema. The one given directly above is more elementary, and leads to the following
representation for A:

A ={(@): (Ya)Bm)(¥n = m) [X(w) - Xo(@)| < ¢}
=NUN{w: [Xw) - Xa@) < a7}

Thus the event A over which X, (w) converges to X (w) is the set of w’s with the property
that for every ¢, the distance |X(w) — X, (w)| is eventually smaller than 1/¢. In Section
7 we linked the qualifier “eventually” with the limit inferior of a sequence of events; this
connection is again apparent in the last expression, as each set in the first intersection
(over q) is a limit inferior of a sequence of events.

Pointwise convergence on {2 and almost sure convergence are illustrated in the figure
below, where downward arrows denote convergence at the given abscissae.

R R
X=X X=X
| a1l
0 APA=1
Pointwise convergence on {2 Almost sure convergence

(c) Convergence in probability. The sequence (X,,),eNn converges to X in probability
if for every € > 0,
lmPr{|X — X,,| >¢} = 0.
n

We write XniX . It is easily seen that the > sign in the above expression can be replaced

by >, and that € need only range over the reciprocals of positive integers. Thus for XngX
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to be true, we require that for every ¢ € N, the sequence of events By 4, Ba 4, ... defined
by
Bng = {w: [X(w) = Xu(w)| = €}

satisfy
lim P(B,,) = 0.

h

(d) Convergence in r'" mean. The sequence (X,,)n,en converges to X in 7" mean if

lim E[|X — X,|"] = 0.

. L . . .
We write X,,—X. In the special case r = 2 we speak of convergence in quadratic mean,
or mean-square convergence, which we also denote by

m

X x and XX

Thus convergence in probability and in 7** mean differ from the first two modes of
convergence discussed above in that their definition does not entail convergence of the
sequence (X, (w))nen. For convergence in probability, we require that certain sequences
of events exhibit vanishing probabilities; for convergence in r'" mean, we require that
a certain sequence of integrals exhibit vanishing values. This is illustrated in the figure

below.

R R
"Area' —>0
XXl
gL "
or or 0
Convergence in probability Convergence in 7" mean

(e) Convergence in distribution. The sequence (X}, )nen converges to X in distribution
if at every continuity point = of Fx (i.e., where Fx{z} = 0), the following is true:

lirrlnFXn(ac) = Fx(z) .
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We write X,,-5X. As this definition only involves the (marginal) distributions Fxy and
(for all n) Fx, , it is acceptable to identify convergence in distribution with convergence of

distributions. Thus if we let F,, = Fx, and F' = Fx, we can also express X,5X as
Fx. 5 Fyx or F,5%F.

Here “w” stands for “weakly,” and is interpreted as convergence at all points of continuity.

The following figure illustrates convergence in distribution.

Uniqueness of limits

In each of the five modes of convergence discussed above, the limiting random variable
X is to a larger or smaller extent determined by the sequence (X,,),en. More specifically,
if both X and Y are limits (in the appropriate mode) of the sequence (X,,),enN, then

(a) under pointwise convergence,
(Vw) X (w) = Y(w), ie., X =Y,

(b) under almost sure convergence, convergence in probability, or convergence in r*®

mean,

(3D e F) Vwe D) X(w)=Y(w), ie., X =Y as.;

and thus unlike other modes of convergence, the mappings X (-) and Y'(-) here need not be
related in any particular way.

The above facts are fairly easy to establish, and the proofs appear in the references
for this section.
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Criteria for convergence

One is often interested in establishing convergence of (X,,),en in one of the five modes
discussed above without regard to the properties of the limiting random variable X. It
is thus useful to have recourse to convergence criteria that do not explicitly involve X,
especially in situations where a plausible candidate for X may be difficult to find. For
the first four modes of convergence, such criteria exist and are expressed in terms of the
behavior of the random variable

X = X

for large values of m and n.

The idea here stems from the concept of mutual convergence in real sequences: the
sequence (a,)neN converges mutually if

(Vg € N) (3K) (Ym,n > K) |am — an| < ¢ *.

We also write the above as

where the above limit is understood over all sequences of pairs (m,n) such that both m
and n increase to infinity.

As it turns out, the sequence (a,)nen converges to a finite limit if and only if it
converges mutually. This equivalence can be readily exploited to yield the following criteria
for pointwise and almost sure convergence:

(a) (X, )nen converges pointwise (to some random variable) if and only if

(Vw € Q) lim | X, (w) — Xp(w)|] = 0;

(b) (X, )nen converges almost surely if and only if

P{w: lim | X,,(v) — Xp(w)| = 0} =1;

m,n— oo

For convergence in probability and r** mean, the criteria are similar but rather more
difficult to obtain:

(¢) (Xn)nen converges in probability if and only if for every ¢ € N,

lim Plw: |[Xnw) — X,(w)] > ¢ '} = 0;

m,n— o0

th

(d) (X,)nen converges in r*™ mean if and only if

lim E|X, — Xa|” = 0

m,n— o0
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Recall that XngX entails convergence of the cdf of X, to that of X at every continuity
point of the latter cdf. Although it is tempting to think that a sufficient condition for
convergence is the existence of

for all x, this is not so; the above limit should also coincide with a legitimate cdf at all
points where the latter is continuous.

To see a simple example where the above limit exists but does not define a cdf, take

Then the cdf of X, is the indicator function Iy, ), and for every =,
limFx (x) = 0.

Clearly there exists no cdf F' such that F' = 0 at all points of continuity of F', and thus
(X, )nen does not converge in distribution.
Relationships between types of convergence

The following table summarizes the principal relationships between the five types of
convergence defined in this section. Here, a single arrow denotes implication.

X, converges to X
pointwise on {2

N
X, 55X X, B5X (r>1)
N /
X, Bx
!
X,5x

Pointwise convergence on ) = Almost sure convergence: Obvious by definition.

Almost sure convergence = Convergence in probability: Recall that the set of w’s for
which X,,(w) converges to X (w) is given by

A = ﬂU ﬂ{w: X (w) — Xn(w)| < ¢ '},

qg m n>m
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where ¢, m and n range over the positive integers. If P(A) = 1, then for any given g,
P(U ﬂ {w: | X(w) — X,(w)] < q*1}> = 1.

As the outer union is over an increasing sequence of events, we have

lim P((() {w: [X(@) - Xa@)| <q7}) = 1.

n>m

and thus also
lim P{w: |[X(w) — Xm(Ww)] < ¢ '} = 1.

Upon complementation we obtain

lim P{w : | X (w) — Xpm(w)] = ¢y =0,

which proves that XniX .

h

Convergence in r*® mean = Convergence in probability: By the Markov inequality,

for every € > 0 we have

E|X — X,|"

Pr{|X — X,| > ¢} <
67'
If XnL—?X , then the the r.h.s. approaches 0 as n tends to infinity, and thus
ImPr{|X - X,| >€¢} = 0.
Convergence in probability = Convergence in distribution: See Billingsley.

To see that no equivalences or other implications exist between the five modes of
convergence, we consider some counterexamples.

(a) Convergence in distribution # Convergence in probability: Let @ = {0,1} and
P{0} = P{1} = 1/2. Also let

X, (w) = {w, if n is odd;

1 —w, ifniseven.
The above sequence is identically distributed with
Pr{X, =0} = Pr{X,, =1} = 1/2,

and thus trivially (X,)nen converges in distribution. By the criterion of the previous
subsection, (X,,)n,en does not converge in probability, since for all n,

Pr{|X, — Xpi1| = 1} = 1.
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(b) Convergence in Probability # Almost sure convergence or convergence in r'®

mean: Consider the probability space (2, F, P) where Q = (0, 1], F = B(Q2), and P is the
Lebesgue measure. We construct a sequence of events (G, )nen ranging over the dyadic
intervals:

Gl = (0, 1] 3
Gy = (0,1/2], Gs = (1/2,1];
Gy (0,1/4), G5 = (1/4,1/2], G = (1/2,3/4], Gr = (3/4,1];

etc.

If G,, = (an, by, we define the simple random variable X,, by
Xp(w) = (bn — an) g, (W) = P7HGn)Ig, (w) -
The sequence (X,,)nen converges to 0 in probability, since for every e > 0,
Plw: [X(w) = Xn(w)| > €} < P(Gh),

and P(G,,) converges to zero by construction of the G,,’s. To see that it does not converge
almost surely, first note that every w lies in infinitely many G,,’s and thus

Xp(w) = (bp—an) ™t > 1

for infinitely many values of n. On the other hand, every w also lies outside infinitely many
G,’s and thus X, (w) = 0 infinitely often. Therefore for every w, the sequence (X,,(w))nen
fails to converge, and certainly (X,,),en does not converge almost surely.

To see that (X, ),en does not converge in " mean (where 7 > 1), note that for every

K, there exist m,n > K such that G,, N G,, = 0. Then
E|Xp — Xo" = E|Xn|" + E|Xa|” > 2,

whence we conclude that
lim E|X,,— X,|"#0

m,n— 00

h

and (X,,)nen does not converge in r*! mean for r > 1.

(c) Convergence in r'" mean # almost sure convergence: We modify the above ex-

ample by letting X,, = I, . Then
lim E|X,|” = limP(G,) = 0

and XnL—@O; yet (X, )nen again does not converge in probability.

(d) Almost sure convergence # convergence in r'" mean: On the same probability

space as above we let G,, = (0, 1/n], X,, = nlg,. Then for every w in (0,1] we have
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Xn(w) =0 for n > 1/w, and thus (X, )nen converges to 0 pointwise on 2. On the other
hand, for n = 2m we have
E|X, — Xp|" = m" 1,

whence we conclude that for r > 1,

lim  E| X, — X" #0 ,

m,n—

h

and (X,,)nen does not converge in r** mean for r > 1.

(e) Almost sure convergence # pointwise convergence on €): left as an easy exercise.

Remark. Asit turns out, the following weaker implications are also true (see Billings-
ley):

(i) if XniX , then a subsequence of (X,,),en converges to X almost surely;

(ii) if X,,“3X and there exists an integrable random variable Y > 0 such that (Vn)
Y > |X,|", then X, 25X.

Thus in (b) above, the subsequence (X, ))ren1, where n(k) = 2*, converges to 0
almost surely; whereas the condition on the existence of an auxiliary r.v. Y is violated in

(d).
19. Convergence and expectation
Billingsley, Sec. 5, Inequalities; Sec. 16, Integration to the Limit; Sec. 21, Inequalities.

A question often asked is the following: if a sequence (X, )n,en converges (in some
sense) to a random variable X is it true that the expectations EX,, converge to EX?

As it turns out, this is always true if convergence to X is in the r-th mean, where
r > 1. For the other standard modes of convergence, the above statement is not always
true. To see this, consider the example given under (d) in the previous section. We
had X,, — X = 0 pointise on Q (and hence also almost surely, in probability and in
distribution), yet EX,, =1 # 0.

To show that Xn&;X for r > 1 implies £EX,, — FX, we invoke the following variant
of the powerful Hélder inequality (see Billingsley, Section 5, Inequalities):

1/r

1/s /
(BlvE) < (EVIT) . o<s<r
Setting Y = X — X, in the above, we obtain the general fact
L, Ly
X, =X = X,3X, fors<r.
The desired conclusion is reached by setting s = 1, and using the simple inequality
|EX _EXn| < E|X _Xn| : (1)
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(Remark. It is actually true that X, X actually implies E|X,|* — E|X|* for all
1 < s <r. To prove this, instead of (1) use

E[IX]] - Bl Xa")] < E[X = X,|°],

which follows from Minkowski’s inequality (ibid.):

E[Y +Z*] < E[[Y]]+E[Z]], s=>1)

In regard to other modes of convergence, we give sufficient conditions for the inter-
change of limits and expectation in the case of almost sure convergence. These conditions
are contained in the following important theorems, which are discussed in Billingsley, Sec-
tion 16.

Monotone convergence theorem. If (X,,),cN is a nondecreasing sequence of r.v.’s

that converges almost surely to X, and is bounded from below by an integrable r.v., then
EX, — EX. In other words,

a.s.

X, X, (Vn)Y <X, < Xpy1, ElY| <o = EX, — EX.

(Remark. Since Y < X, EX < +o00. The theorem is true even if EX = 400.)

Dominated convergence theorem. If (X,),en is a sequence of r.v.’s that con-
verges almost surely to X and is absolutely bounded by an integrable r.v., then £ X, —
FEX. In other words,

X, % X, (Wn) |X,| <Y, E|Y|<0c = EX, — EX.

As an application of the monotone convergence theorem, consider a sequence of non-
negative random variables Y,,, and let X,, = Y; + ...+ Y,,. Then the X,,’s form a nonde-
creasing sequence that converges pointwise to > .~ Y; and is bounded from below by 0.
By the monotone convergence theorem,

lim EX, = E[ZY] . or equivalently, E[ZY} = Y &Y.
=1 =1

i=1
Note that by the remark following the statement of the theorem, the above holds even if
the sum of all expectations is infinite in value.

As an application of the dominated convergence theorem, consider the following ex-
ample. Let Y > 0 be integrable, X > 0 be arbitrary, and define

XY
Zn = 22 AaY
n
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where a > 0. Note that (Z,,),eN is a nonincreasing sequence such that

X(w)Y
(Vo) 0 < limZa(w) < lim2Y®) o
n n n
Thus Z,, — Z = 0 pointwise on (). Since we also have 0 < Z,, < aY and Y is integrable,

we can apply the dominated convegence theorem to conclude that
limFEZ, = EZ = 0.
n

Note that the above conclusion does not necessarily hold if Y is nonintegrable. For example,
if FY = +o00 and X is a constant r.v., then £Z,, = +oc for all n, and thus £Z,, /4 0.

It is instructive to verify that the hypotheses of the above two theorems do not hold
in the example given under (d) in the previous section. Indeed, the sequence (X, )nen
is not monotone nondecreasing, and hence the monotone convergence theorem does not
apply here. Furthermore, any dominating r.v. Y will have to dominate sup,, X,,; the latter
is a simple r.v. whose expectation is

> 1 1 =1
Zn(ﬁ_n—kl) - Zn+1 -

Hence the dominated convergence theorem does not apply here either.

20. Laws of large numbers

Billingsley, Sec. 6; Sec. 21, Moment Generating Functions; Sec. 22, Kolmogorov’s Zero-One
Law, Kolmogorov’s Inequality, The Strong Law of Large Numbers.

Consider a sequence (X,,),en of random variables in a probability experiment (2, F, P),
and suppose that the marginal distributions (Fx,,)nen have some common numerical
attribute whose value is unknown to us. In particular, we will assume that this attribute
coincides with the mean p of each Fx, (by a simple change of variable, we can see that this
restriction also covers cases in which the common attribute is expressible as an expectation
of a function of X,,).

Suppose now that we wish to estimate the value of p on the basis of the observed
sequence

Xl(w), XQ((,U), cee g

here w is the actual outcome of the probability experiment. The weak and strong laws of
large numbers ensure that such inference is possible (with reasonable accuracy) provided
the dependencies between the X,,’s are suitably restricted: the weak law is valid for un-
correlated X,,’s, while the strong law is valid for independent X,,’s. Since independence
is a more restrictive condition than absence of correlation (for square-integrable random
variables), one expects the strong law to be more powerful than the weak law. This is
indeed the case, as the weak law states that the sample average

X1+ -+ X,
n
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converges to the constant p in probability, while the strong law asserts that this convergence
takes place almost surely.

Weak law of large numbers

Theorem. Let (X,,),en be a sequence of uncorrelated random variables with com-
mon mean FX; = pu. If the variables also have common variance, or more generally,
if

1 n
hinﬁg\/arxi =0,

1=

then the sample average
Xi+ -+ Xn

converges to the mean p in probability.

Proof. As was shown in Sec. 17, for every o > 0 the Chebyshev inequality gives

1 & J—
Pr{ E§X¢—u‘ 204} < WEVarXi.

Thus under the stated assumptions on the variances, we have
1 n
liTILnPr{ ﬁ;XZ — u‘ > a} =0,
1=

which proves that Xniu.

Remark. Note that as it appears above, the right-hand side in the Chebyshev in-
equality is just the second moment of the difference between the n-sample average and the
mean . Thus the variance constraint is equivalent to the statement that X, ‘1, which

also implies Xngu.
Example. Let Q = (0,27, F = B(2), P = uniform measure, and define X,, by
Xp(w) = apsinnw , (a, € R).
Then
1 271'
EX, = /Xn(w) dP(w) = —/ sinnwdw = 0,
27T 0

and

27 9 . B .
Cov(Xpm, Xpn) = a,;an/ sin mw sin nw dw = {871/4; lftg—’m,
™ Jo otherwise.

Thus (X, )nen is an uncorrelated sequence. Assuming that lim,, (1/n?)>"" a7 = 0, we

can apply the weak law of large numbers to conclude that for every e > 0,

1 n
lim P D= n Sl > = 0.
im {w - ;a sinnw| > e}
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Note that the set in the above expression is a union of intervals, since the function

h(w) = ao + Zan sin nw

=1

has only finitely many roots in the interval (0, 27]. Thus the law of large numbers implies
that the total length of those subintervals of (0, 27] over which

n
E a, Sin nw
i=1

approaches zero as n tends to infinity.

1
- > ¢
n

A version of the strong law of large numbers

The moment generating function Mx (s) of a random variable X is defined for real s
by

Mx(s) & ElesX] = / et dPx (1) .

It is easily seen that for absolutely continuous Px, the above coincides with the bilateral
Laplace transform of the density fx.

We always have Mx (0) = 1; if X is almost surely bounded, then it is also true that
Mx (s) < oo for every s. For unbounded X, it is possible to obtain Mx (s) = 400 for some
or all values of s other than 0. However, for many distributions encountered in practice
(including the gaussian, gamma, geometric, Laplace and Poisson distributions) Mx(s) is
finite for s ranging over some interval containing the origin. For such distributions, we can
prove the following version of the strong law of large numbers.

Theorem. Let (X,,),en be an ii.d. sequence whose marginal moment generating
function Mx(+) is finite over a nontrivial interval containing the origin. Then

Iy as.
n-
=1
Proof. Let Mx (s) be finite for s € [—sp, so], and note that since
so|X1| < eoX1 4 70X

the mean p is also finite. Thus we can assume p = 0 without loss of generality.

We will compute an upper bound to the probability that the sample average of the
first n terms is greater than or equal to some o > 0. For this purpose we use the Chernoff
bound:

(Vs > 0) Pr{Y >a} < FE [es(y_o‘)} = e **My(s) .
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Thus we obtain

X 4+ -+ X,
Pr{ Lt + Za} = Pr{X;+ -+ X, > na}
n

S E [es(X1+~--+Xn—na):|

n

Hesmw] - [T o] = (i)’

=1

=F

where the last two equalities follow from the i.i.d. assumption.

The next step is to show that there exists a point s in (0, s¢) such that e **Mx(s) < 1.
We know that e ™% *Mx (0) = 1, hence it suffices to show that the derivative of e =5 Mx (s)
takes a negative value at the origin. We have

d
E(G_SQM)((S)) = —aMx(0) + M%(0) = —a + M%(0) .
s=0
To compute MY (0), we write
My (s) = Ly [e*X] = E 4 gox| = E[XeX]
X ds ds ’

where the interchange of derivative and Lebesgue integral can be justified using the dom-
inated convergence theorem (see also the discussion of moment generating functions in
Billingsley). We thus obtain

¢ (g

Hence for every a > 0 there exists a constant p; < 1 such that

s=0

as sought.

Pr{Xl‘f‘ e+ X

>y < o
n _}_p+

Using the same argument with —X; replacing X; and —s replacing s, we infer that there
exists a constant p_ < 1 such that

Xi+ -+ X

3

Pr{

=< —af < o

Thus if p = max(p4, p—), we have

X 4+ X,
Pr{ 1+ +

n

Za} < 2p",
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and since p < 1,

ZP {‘X1—|— -+ X,

Now the event over which the sample average converges to zero is given by

AU N {os 200

geN m n>m

< 20" = —— < . 1
af £ Yo = Hy <o )

and thus

2= UJNuy {w:‘Xl(wH - + X (W)

geN m n>m

Yy hmsup{ ‘X1<w> bt Xolo)

v
Q
L
——

By the first Borel-Cantelli lemma (Billingsley, Sec. 4),

ZP(Bn) < oo = P(limsupB,) = 0,

n

and hence by virtue of (1), we have P(A¢) = 0. Thus the sample average converges to zero
almost surely.

Kolmogorov’s Strong Law of Large Numbers

The general version of the strong law of large numbers is due to Kolmogorov. It is
appreciably stronger than the statement of the previous theorem, in that it posits conver-
gence of sample averages under constraints on the first two moments of the independent
variables. For a proof, see Billingsley.

Theorem. Let (X,,)nen be an independent sequence of random variables with com-
mon mean KX, = u. If either
(i) the X, ’s are identically distributed; or
(ii) the X, ’s are square-integrable with

= VarX,,
Z 7 < %0,
n

n=1

then the sample average
X1+ -+ X,

converges to p almost surely.
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Remarks.

1. Note that the i.i.d. assumption (case (i)) above) does not exclude the possibility
i = 00, in which case the sample average converges almost surely to a constant extended
random variable.

2. For most practical purposes, when considering sequences of independent (not
just uncorrelated) square-integrable random variables, Kolmogorov’s strong law of large
numbers subsumes the weak law as stated earlier in this section. This is because almost
sure convergence always implies convergence in probability. It is worth noting, however,
that the variance constraint employed in the statement of the weak law, namely

L
hmEZVarXi =0,
i=1

n

is somewhat more general than the condition Y > | VarX,,/n? < oo in Kolmogorov’s strong
law of large numbers. Thus there are instances of independent sequences to which the weak
law applies, but the strong law does not.

Examples

(a) Consider again the sequence (X,)nen of random variables of Section 2. For a
random point w drawn uniformly from the unit interval (0, 1], we defined

X (w) = k™ digit in the binary expansion of w .

The Xj’s were easily shown to be i.i.d. with EX;, = 1/2. By the strong law of large
numbers,

P{w: fim X1 F ) l}

n—oo n 2
As a consequence, the set A; /5 of points on the unit interval whose binary expansions have
running averages that converge to 1/2 has measure 1 under the Lebesgue measure; thus
Aj /9 is in a sense as large as the unit interval itself. Yet in a different sense, A,/ is much
smaller than the unit interval: A;,, does not overlap with any of the equally populous
sets D (consisting of all points whose asymptotic expansions have divergent time averages)
or A, (defined as A/, with p # 1/2 replacing 1/2). We have thus exhibited a Borel
subset of the unit interval whose Lebesgue measure equals one and whose complement is
uncountable.

Question. What is the Lebesgue measure of all points in the unit interval whose
ternary expansions have running averages that converge to 1/3?

(b) Note that if (X,,),en is an i.i.d. sequence, then so is (¢(X,))nen, whereg: R — R
is Borel measurable. Thus if E[g(X)] exists,

Q(Xl) + o +9(Xn) a8
n

E[g(Xl)] )
and a simple variable transformation can be used to estimate E[g(X1)] from the observa-
tions. Thus for example, we can use
Xi+ -+ X7
n
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to estimate the second moment, which always exists.

The assumption that the X,,’s are identically distributed is clearly crucial here. Also
note that we cannot give a similar argument for uncorrelated random variables based
on the weak law, even under the assumption that the marginals are identical; this is so
because g(Y;) and g(Y;) can be correlated even if Y; and Y; are not.

Finally, consider the transformation g = Iy, where H is a linear Borel set. As before,
we have

Ig(Xq)+ - +1Ig(X,) as.
n

Elln(X1)],
or equivalently,

number of k’s (where 1 < k < n) for which X, € H as. Py, (H) .

n

We can interpret the above result as follows. (X,,),en defines a sequence of subexperi-
ments of (€2, F, P) that serve as mathematical models for the independent repetitions of
some physical experiment X. The last relationship effectively states that the relative fre-
quency of the event {X € H} amongst the first n independent repetitions of X converges
almost surely to the probability of that event. This corroborates the so-called frequentist
view of probability, according to which the probability of an uncertain event in a random
experiment is an objective entity which is revealed to an (infinitely patient) observer by
the limit of the relative frequency of that event in a sequence of independent repetitions
of the experiment.

21. Characteristic functions

Billingsley, Sec. 26.

The characteristic function ¢x(u) of a random variable X is defined for real u by

dx (u) def E[e“‘X] = ElcosuX]+ iE[sinuX] .

If X has density fx, then
oxtw) = [ epxar,

— 00

and thus ¢x is the Fourier transform of fx (the moment generating function was seen to
coincide with the bilateral Laplace transform of fx).

The function ¢x is continuous on the real line, and is such that

¢x(0)=1, (Vu) |ox(u) <1.

When X has a symmetric distibution Px (e.g., when fx is an even function), the charac-
teristic function ¢x is real-valued and symmetric.

Characteristic functions are discussed at length in Billingsley. We briefly note the
following essential properties.
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(a) Px completely specifies ¢x and vice versa. The forward assertion is true by
definition of ¢x. The converse can be also shown to be true: the increment F'x (b) — Fx(a)

equals the quantity
1 M —iua _ ,—iub
lim — / igb(u) du
M—oco 27 M m

whenever Px{a} = Px{b} = 0, and thus it is possible to deduce the values of Fx at
all points of continuity. In the special case in which the modulus |¢x| is integrable, the
distribution Px has a continuous density fx which can be recovered from ¢x using the
inverse Fourier transform:

fx(t) = ! e "y (u) du .

21 ) _sooo

(b) Convergence of characteristic functions. Recall the definition of convergence in

distribution: XniX if F'x, converges to Fx at every point of continuity of F'x. As it turns
out, convergence in distribution can be also defined in terms of characteristic functions:

X,-5X if and only if ¢x, (u) converges to ¢x(u) at every point u.

It is often advantageous to study convergence in distribution in terms of characteristic
functions. If a sequence (¢, )nen of characteristic functions has the property that ¢, (u)
converges at every u to limit ¢(u) such that ¢(0) = 1, then the limiting function ¢ is
also a characteristic function and convergence in distribution is ensured. This gives us a
convenient criterion for this mode of convergence that was absent in the original formulation
in terms of cdf’s (see Section 18).

(c) Independence and Characteristic Functions. Suppose X1, ..., X, are indepnendent
random variables. Then the characteristic function of the sum

Y = X1+ -+ X,
is given by

By () = B[t )
(by independence) = E[e™X1]... Ele™X"] = ¢x, (u)---ox, (u) .
An analogous property was seen to be true for the moment generating function. If each
X has absolutely continuous distribution, the density of Y is given by the convolution of
the densities of the Xj’s. This is consistent with the well-known fact of Fourier analysis

that convolution in the time (¢) domain is equivalent to multiplication in the frequency
(u) domain.

Characteristic function of a random vector

Convention. In all algebraic manipulations that follow, boldface symbols such as
a and X will denote column vectors. Thus row vectors will be denoted by a’ and X7.
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The transposition symbol will be omitted where no confusion is likely to arise, e.g., when
writing X = (X1,..., X,).

The characteristic function of an n-dimensional random vector X = (X1,...,X,,) is
the function ¢x : R"™ — R defined by

or equivalently,
dx(u1,...,up) = Elexpi(ui Xy + -+ +u,Xy)] .

If X has absolutely continuous distribution,

Ox (U, .. yUp) = / / ei(“1m1+"'+“"x”)fx(:l;1,...,a:n)dxl--~dxn,

and thus ¢x coincides with the n-dimensional Fourier transform of the density fx.

The general properties of n-variate characteristic functions are similar to those of
univariate ones (see (a)—(c) in the previous subsection). A simple property that will prove
quite useful is the following: if A is an m X n matrix and b is an m-dimensional (column)
vector, then the characteristic function of Y = AX + b evaluated at u € R" is given by

¢py(u) = F [ei“T(AX+b)] — ¢Pup [ei(AT“)TX} — ¢ gy (ATu) .
Also, if the components of X are independent,

ox(u, ..., un) = ¢x,(u1)---ox, (un) .

Expectation of vectors and the covariance matrix

If
X = : and 0 = . . . . 9
Xn X1 X2 oo X
we define

EX11 EX12 EXln

BX EXis EXs ... EX,,
EX = : and E6 = . ) .

EXn EX,1 EX,>o ... EX,..
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The covariance matrix of X is the n x n matrix Cx defined by

cx ¥ E[(X - EX)(X — EX)T] .

Thus the (4, j)** entry of Cx is simply given by
(Cx)ij = E‘[(AXVZ - EXl)(XJ - EX])] = COV(XZ‘,X]‘) y

and Cx is symmetric.

It is easy to verify that expectation is linear, in that
E[AX] = AEX, E[XA] = E[X]A
and
E[BO] = BE[O], E[©B] = E[O]B

for constant matrices A and B of appropriate size. We can use linearity to evaluate the
covariance matrix of AX as follows:

22. Gaussian random variables and vectors
Billingsley, Sec. 29, Normal Distributions in R*. s
Gaussian variables

Definition. A random variable X is Gaussian if either of the following is true:
(a) X is constant with probability 1;

(b) X has density
1 (z — p)?
(@) = <= exp{— - }

for o2 > 0.

In case (a), we have X = EX with probability 1, and VarX = 0. In case (b), we have
EX =y, VarX = ¢2. In both cases we use the notation

X ~ N(EX,VarX) ;

here N stands for “normal,” which synonymous with “Gaussian.” Thus the univariate
Gaussian distribution is parametrically specified through its mean and its variance.
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The characteristic function of a (0, 1) distribution is given by
e—u2/ 2 o]

1 , 2
tuz—(x=/2) d
u) = —— e r =

The last integral in the above expression is equal to that of the analytic function exp(—22/2)
along a path parallel to the real axis, and reduces by a standard argument to the integral
of the same function over the real axis itself. Thus

e—(:u—iu)z/Q dr .

e—u2/2 o0 2/2 2/2
p(u) = et /ide = e/
V2T J_oso

If X ~N(u,0?) and 02 > 0, we can write
X =0oY+u

for appropriate Y ~ N (0, 1), and thus

12,2

¢x(u) = ey (ou) = erumETH
If X ~N(p,0), then X = p with probability 1, and

Thus the identity

holds for all Gaussian X.

Gaussian vectors

Definition. An n-dimensional random vector X is Gaussian if it can be expressed in

the form
X = AY + b,

where A is a nonrandom n X n matrix, b is a nonrandom n-dimensional vector, and Y is
an n-dimensional random vector of independent N(0,0) or A (0,1) components.

Two alternative definitions of a Gaussian random vector are suggested by the following
theorem.

Theorem.

(i) A n-dimensional random vector X is Gaussian if and only if for all a € R", aTX
is a Gaussian random variable.

(ii) A n-dimensional random vector X is Gaussian if and only if there exists a vector
m € R and an n X n nonnegative-definite symmetric matrix ) such that

¢x(u) = exp {imTu - %uTQu} :

85



Proof. We will establish each of the following implications:

1. X is Gaussian = X satisfies condition of statement (i)
2. X satisfies condition of statement (i) = X satisfies condition of statement (ii)

3. X satisfies condition of statement (ii) = X is Gaussian
1. Let X = AY + b, where Y is an n-dimensional random vector with independent

N(0,0) or N(0,1) components; for concreteness, let i ~ N(0,02), so that (Cy )xr = o3.

By virtue of independence, ¢y is given by

by (ur,. . yun) = [] ow ()

k=1
_ H e—aﬁui/Z
k=1
{-3een)
= exp —§u Cyu

Since a’X = a” AY + a’b, we have

Parx (u) = exp{i(a’ b)u}¢y (A au)

— exp {i(aTb)u _ %(aTA)cY(aTA)W} |

Since ElaTX] = al'b and
Var(aTX) = CaTX = CaTAY = (aTA)C’y(aTA)T,

we conclude that aZX is a Gaussian random variable.

2. Assume that a”X is Gaussian for every choice of a € R*. Thus for u € R* we can
write .
¢x(u) = E [em X}
1
= ¢urx(l) = exp {iE[uTX] — §Var(uTX)} .

Now E[u?X] = u? E[X] and Var(u?X) = u? Cxu, whence we conclude that
: T L 7
¢x(u) = exp {Z(EX) u-cu C’xu} .

Cx is always symmetric; for nonnegative-definiteness we need u? Cxu > 0 for all u, which
is true since u’ Cxu = Var(u?'X).
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3. Let the n-dimensional random vector X have characteristic function
. T I
px(u) = expim u — Ju Qu

where @) is a n X n nonnegative-definite symmetric matrix. From elementary linear algebra,
we can express any n X n symmetric matrix @ as

Q = BABT

where A is an n X n diagonal matrix whose diagonal entries coincide with the eigenvalues
of Q, and B is an n X n matrix whose columns coincide with the column eigenvectors of
Q. B is orthogonal, i.e., BTB = 1I.

The assumption that @) is nonnegative-definite is the same as requiring that all eigen-
values of () be nonnegative. If all eigenvalues are positive (i.e., if Q) is positive-definite),
then both Q! and A~! exist. If, however, one or more eigenvalues are zero, then neither
Q! nor A~! exist. We surmount such difficulties by defining the matrix A as follows:

Ay — (Akl)_1/27 if Ag; >0,
M 1, otherwise.

A is clearly invertible, and
J = AAAT

is a diagonal matrix such that Ji; = 1 if Ag; > 0, Ji; = 0 otherwise.

Consider now the transformation
Y = ABT(X —m).

We have
¢y () = px—m(BA )

= exp {—%uT(ABT)Q(ABT)Tu}

= exp {—%uT(ABT)BABT(ABT)Tu}

1
= exp {—EuTJu} .

Thus Y is a vector of independent N'(0,0) or N (0,1) Gaussian components. It is easily
verified that
X = BAT'Y + m.

Further properties of Gaussian vectors

(a) If X is a Gaussian vector in R™ and A : R” — R™ is a linear transformation,
then AX is also a Gaussian vector in R™. Thus the Gaussian property is preserved under
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all linear transformations. This fact follows easily from the characterization of Gaussian
vectors in terms of their characteristic function; the special case m = 1 was also treated in
the theorem of the previous subsection.

Remark. Transformations of the form Y = AX + b are known as affine. Clearly the
Gaussian property is also preserved under affine transformations.

(b) The distribution of a Gaussian vector X is fully specified by its expectation EX
and covariance function Cx; no other parameters are needed.

(c) If the components of a Gaussian vector X are uncorrelated, then they are also
independent. This is so because for a diagonal covariance matrix Cx, the characteris-
tic function ¢x can be decomposed into a product of univariate Gaussian characteristic
functions. Thus in the Gaussian case, the two properties of independence and absence of
correlation are equivalent. In the general non-Gaussian case, we have seen that uncorre-
latedness does not imply independence.

Whitening of random vectors

Given any random vector X in R (not necessarily Gaussian), we can always find a
zero-mean vector Y in R such that

X = AY + m

and the components of Y are uncorrelated. We have essentially shown this in step (3) of
the proof given earlier: Cx is a nonnegative-definite symmetric matrix, and can thus be

represented as
Cx = BABT

for B orthogonal and A diagonal with nonnegative entries. Defining A as before, we have
Y = ABT(X—m), X = BA'Y + m.
Hence FY = 0, and
Cy = ABTCxBAT = AAAT = T,

where J is a diagonal matrix such that Jy; = 1if Ag; > 0, Jx; = 0 otherwise. Note that if X
is Gaussian, then Y is also Gaussian with uncorrelated, hence independent, components.
In the non-Gaussian case, the components of Y need not be independent.

The choice of transformation A is not unique; the above construction in terms of
B, A and A is just one standard method of whitening X, i.e., expressing X as an affine
transformation of a zero-mean vector Y with uncorrelated components. In the special case
in which Cx is positive definite (hence invertible), any matrix A such that

Cx = AAT
can yield a whitening transformation. Indeed, A is then also invertible, and if
Y = A 'X-m),
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we have

X = AY + m, Cy = A1AAT (A YT =T.
Different choices of A include BA'/? (coincides with BA~'), BAY/2BT (symmetric), as
well as the upper- and lower-diagonal forms that are obtained via Gram-Schmidt orthog-
onalization.

The density of a Gaussian vector.

Let X € R™ be a Gaussian random vector on (€2, F, P) such that EX = m, Cx = Q.
We seek an expression for the density of X in R™.

(a) Q invertible. As in the previous subsection, we write
Ox = AAT

and consider the transformation Y = A~1(X—m). From the foregoing discussion we know
that Cy = I, and hence the components of Y are independent N (0, 1) Gaussian variables.
The density of Y is then given by

G
:kl:[l\/%e

To derive the density of X, we note that the probability of any n-dimensional rectangle H
under Px is

1
_xi/Q — (2#)_"/26Xp{—§yTy} )

Px(H) = Py(A m))
/ / (y)dyy - - dyn
“H(H- m)
To evaluate the above integral, we use the invertible mapping
y = A7 (x—m)
and invoke the rule for change of variables via Jacobians:
dyy - --dy, = |detS|dzy---dx, ,

where the matrix-valued function S of x is such that

y;
8(1,‘]‘ )

Sij =
In this case we simply have S = A~!. We can therefore write
Px / / fy(A Y (x —m))|det A~ | dxy - - - dxpy
_ / - /H(27r)_"/2| det A= | exp {—%(x — ) (AT A (x — m)} doy - dzy, |
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Recalling that Q = AA”, we obtain the final expression for the density of X:

fx(x) = (27r)_”/2(detQ)_1/2exp{—%(X—m)TQ_l(X—m)} )

(b) @ non-invertible. In this case @) has at least one zero eigenvalue. If b is an
eigenvector corresponding to a zero eigenvalue, then

@b = 0,
which implies that
Var(b’X) = bTQb = 0.

Thus the random variable b? X is constant (equal to its expectation) with probability one,
and the random vector X lies on the hyperplane

{x: b"x = b"m}

almost surely. Since hyperplanes are of dimension n — 1, Px is a singular distribution on
R™ and fx does not exist.

In general, if exactly k eigenvalues of ) are equal to zero, then X lies in a (n — k)-
dimensional set which is the intersection of k£ orthogonal hyperplanes. This means that the
randomness of X is effectively “limited” to n — k components, from which the remaining
k components via affine combinations. This is consistent with our earlier discussion on
whitening: the random vector

Y = ABT(X —m)

will be such that
Cy = J,

and will thus have only n — k truly random (and independent) components; the remaining
components will be zero with probability one. Thus in writing

X = AY + m ,

we are effectively constructing X using n — k random variables only.
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