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Calligraphic letters such as X and ) shall be used to denote discrete finite sets. P, @), and
R shall be used to denote probability mass functions (pmf’s) on either X, Y or X x ) as
clarified at the time of usage. We shall also follow the convention that

0 t
0log0 =0, Ologa =0, tloga = +00,

for every t > 0. |A| denotes the cardinality of a set A.
The unit simplex P* in R¥, the k-dimensional space of real numbers, is the set of points

for which
e each of the coordinates is nonnegative, and
e the sum of the coordinates is unity.

Observe that a pmf P on X can be identified with a point on the unit simplex P* in R¥.
Recall, also, that restriction of a topology on IR to IP C R means that £ C P is considered
open in IP iff 3 E C IR such that ENP = E, and E is open in R.

For all topological notions, such as open and closed sets of pmf’s, convergence of a
sequence of pmf’s, etc., we shall use the usual Euclidean topology on R/*! restricted to the
unit simplex.

The Kullback-Leibler distance or the information divergence between two pmf’s on X,
say P and @, is defined as

D(PIQ) = ¥ Pa)log o).

We next establish some properties of I-divergence which are useful in proving several impor-

tant results.



Properties of I-Divergence

The I-divergence D(:||-) satisfies the following relationships.
1. Nonnegativity. The I-divergence between two pmf’s satisfies
D(P|Q) = 0,
with equality iff P = Q.

2. Lower semicontinuity. For a sequence of pmf’s (P,,Q,), n = 1,2,..., which con-
verges to (P, Q),
lim inf D(Pa)|@n) > D(P]Q).

If Q(z) > 0 for each z € X, then D(P||Q) is continuous in the pair (P, Q)
3. Convexity. For any a € [0, 1], and pmf’s P;, @1, P, Q2,

aD(Py||@Q1) + (1 — a)D(P]|Q2) > D(aP; + (1 — a)Pe||a@Qr + (1 — a)Qs).

4. Partition Inequality. If A = {A;,..., Ag} is a partition of X, i.e., X = UK, A,
and i # j = A;NA; = ¢, and we define
Puti) = S P(z), i=1,... K,

TEA;

Qi) = > Q=) i=1,... K,

zEA;
then
D(P||Q) = D(Pal|Qua),
with equality iff P(z|z € A;) = Q(z|z € A;), € A;, for each i.

5. Data Processing Inequality. If W is a |X'| x|)| stochastic matrix (whose rows sum

to 1), and we define

) = Px)W(ylz), ze€X, ye),
) = Qx)W(yl|x), reX, ye),

PW(y) = > PoW(z,y), y€,
)

reX

= Y QoW(z,y), ye,

reEX
then
D(P||Q) > D(PW||QW),

with equality iff the a posteriori probability of x given y is the same for each y under
both the joint distributions PoW and QoW.

2



6. Pinsker’s Inequality. The variational distance between pmf’s,

zeX

is bounded above by the I-divergence between the pmf’s in the sense that
1
D(P|Q) > 5&*(P,Q).

7. Parallelogram Identity. For pmf’s P, @), and R,

3 IR) 4D (PER) + 2 (A1),

D(P|IR)+ D(QIR) = 2D

An algebraic inequality which, in turn, is very useful in proving the abovementioned rela-

tionships is the log-sum inequality.

Log-Sum Inequality: Let {a;}? ,, and {b;}!; be sequences of nonnegative numbers. Let
a=>r,a;and b=>7",b;. Then

S aslog % > alog
a; — -~ a e
24708 &%

with equality iff {* = c for every ¢, where c is some constant.
3

Proof: First observe that

e it suffices to prove the inequality for a; > 0: Dropping from consideration any index ¢
for which a; = 0 does not change the left side of the inequality, and can only increase

the right side by possibly reducing the sum b.

e it suffices to prove the inequality for b; > 0: Otherwise, the left side is +00 and there

is nothing to prove.

e it suffices to prove the inequality for a = b: The inequality is invariant to a scaling of

the b;’s because

" a; " a; 1

i 1 = = i1 = ;log —, d
izzla Og)\b,- izzla ogbi+a og)\ an
a

b

alog g = alog

1
log —.
S b, +a og)\



Hence it suffices to show that for {a;} ,, and {b;}? ; such that a;,b; > 0 for all 4, and a = b,
a;log % >0,
=1 b;

with equality iff a; = b; for every ¢ = 1,...,n. Next, recall that
logt <t—1, fort > 0,

with equality iff £ = 1. Therefore, setting ¢; = %, we get

2:a¢logﬂ = —Zai logt;
i=1 bs i=1
Z — Z a; (t, — 1)
i=1
n
= - Z(bl - ai)a
i=1
which proves the desired inequality, together with the condition for equality.

Proofs of the seven properties.

1. The nonnegativity of D(P||Q) follows trivially from the log-sum inequality, as does the

condition for equality.
2. The lower semicontinuity follows from the three cases listed below.

(a) For each z € X, Q(z) > 0: Since, Qn(z) — Q(z), Qn(z) > 0 for all n > ng for

some ng(z). Therefore

P,(z)log g:((z)) — P(z)log % < +o0.

and since D(P,||Q,) is a sum of a finite number of such terms, each of which goes
to a finite limit,
D(P,|@n) = D(P|Q)-

(b) There is an ' € X such that Q(z') = 0 and P(2') > 0: In this case, D(P||Q) =

400 and
D(P,[|Qxn)
= P log 7)1 S P () log LT
" Qn(2') P " Qn(2)



( Pa(a')log 525} +0 if P,(z') =1,
P,(z')log Q"((zl)) + oo if P,(2') <1
= 9 & Qu(z') =1,
_Pn(z) ,
P,(z')log Q”(z + Ypra Po(z) |log IQP”(?))) +log 1= P"(( )) otherwise.
\ 1-Qn(z

Since @, (z') — 0, it is easy to verify that the first term above goes to 400, and

the second term, in every case, does not go to —oo and therefore
D(PR,||Qnr) — +oo.

(¢) For every z' € X such that Q(z') = 0, we also have that P(z’) = 0: In this case

D(P,|Qn) - pon
= i Q(Zx»OPn( z) log 0n(z) + . %, 0Pn(ac)log 0u@)
— Y R@og s Y R log Pe!) - Pala!)log @u(a)
z: Q(z)>0 Qn(x) z': Q(z')=0
> Y R@ig @ S P logPye)
z: Q(x)>0 Qn(x) z': Q(z')=0

It is again easy to verify that the first term above converges to D(P||@), and the

second term to zero. Thus
limint D(P,/|Qy) > D(P|IQ).

. The convexity follows from the log-sum inequality as

P, 1 ey tog 22
O‘Pl(f”)long—(x)l(l JPo(a)log -3 .
— aPy(z)log “Qll((x)) T (1- a)Py(e) log %
(aPy(z) + (1 — a)Py(a)]

> [aPi(z) + (1 — a)Py(z)]log

[2Q(2) + (1 — )Qa(x

~—

I
Therefore

D(PA[|Q1) + (1 — @) D(P2[|Q2) = D(aPr + (1 — o) Pof|a@y + (1 — a)@2).

. For a partition A = {A;,..., Ak},

D(P|Q) = P(z g i Z Y P(z)log E;‘"g

TeX i=1 z€A;




K

D

=1

ZwEAi P(CE)
EwEAi Q(a:)

v

> P(z)

TEA;

- LR g
= D(P4[|Qu4)-

Observe that the log-sum inequality has been used separately for every ¢. Therefore,

log

for equality to hold, the condition that must be satisfied for every i is that
P(z)
Q(x)
Y P(z) = ¢ Y. Qz), or
)

Ci, x € A;, and thus

TEA; TEA;

Pz € 4)
Q(mEA)

which gives the desired necessary and sufficient condition for equality.

= Gy,

. Note that, for the pmf’s on X x Y represented by PoW and QoW,

o ° — z)lo M
D(PeW[lQoW) = % %P W{(yle)log (:c)W(y|w)]
- o 10e £®)
= z;{ %}P Wy ]1 5 Q)
= D(P||Q).

Next, the collection of sets A = {A,,y € Y}, where A, = Upycxr{(2',y)} is a partition
of X x Y, and the pmf’s corresponding to the partition .4 are

(PoW)aly) = Y, PoW (2/,y) = PW(y), and
(z',y')EAy

(QoW)aly) = > QoW (2,9) =QW(y).
(@' ¥)EA,

From the partition inequality, it follows that
D(PoW||QoW) > D(PW||QW).

Furthermore, the condition for equality in the partition inequality is that for every y,
PoW and QoW must satisfy

PoW (z,y|(z,y) € Ay) = QoW (z,y|(z,y) € 4,),

which is easily seen to be the same as following condition on the posterior probability
of z given y:
PoW (zly) = QoW (zly), =ze€X, yel.



6. Let A = {A;, Ay}, where A; = {z: P(z) > Q(z)} and Ay = {z : P(z) < Q(z)}.
First, note that

d(P,Q) = > [P(z)-Q(z)]

- mz; (P(x) ~ Q) — ¥ (Ple) - Q)
= (Pa(1) = Qu(1)) + (Qu(2) — Pa(2))
= d(P.A) Q.A)a

and the partition inequality assures us that
D(P||Q) > D(PallQa)
Therefore, it suffices to prove that
D(Pal|Qa) = %d2(PAaQA)7

i.e., it suffices to prove Pinsker’s inequality for the case |X| = 2. Now, for X = {0, 1},
let P =(p,1—p)and Q = (¢g,1 — ¢q), and consider

p 1—p
9(q) =plog _+ (1 -p)logy— — 4¢(p — g)°

as a function of ¢ for fixed values of ¢, p. Note that g(p) = 0, and as long as ¢ # 0 or 1,

gé(q)=—§+1fq+80(p q9) = (¢—p) l(l_lq)q—&]-

Since ¢(1 — ¢) < i, the choice of ¢ < 1 guarantees that g(g) achieves a minimum at

g = p. Therefore, 1f c< 1 , then

9.(q) = D(P|Q)—c(p—ql+[(1—p)—(1—9q))’
= D(P||Q) — cd*(P,Q)
> 0
Setting ¢ = 1 yields Pinsker’s inequality.
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7. The parallelogram identity follows from direct algebraic manipulation of the right side

2D(P+Q”R> p(PIS2) + 2 (@15%)

(2)+Q(x)
+ Qx Pz Qx
o R(zzv) + P(z)log @ + Q(z)log 41:(3;)&@)@)
2 2

as

22

zeX



R g
Q

Figure 1: Parallelogram Identity for I-divergences.

P(z)+Q(x) P(z) P(z)+Q(z) Q(z)
= wEZXP(x) log R(zx) P(w);?(w) + Q(z) log R(za:) P(;,;)_;Q(w)
_ P(z) Q(z)
= wEZXP(a:) log R@) + Q(x) log R(z)

= D(P||R) + D(Q||IR).

To see a geometric analogue of the parallelogram identity, let ||P — Q|| represent the
usual Euclidean (L,) distance between two pmf’s P and @, and note from the cosine

rule for the sides of a triangle that

e P+Q|* |P+Q 2 P+Q| ||IP+Q
B R e R e R B
:HQ_P;Q2+HP;Q_R2_4Q_P;QH”P;Q_waw%

where the angles #; and #; are complimentary, as seen in Figure 6. Also, since
o - 52 =[P - 52,

2

P+@Q P+Q
2 2

which is strikingly similar to the corresponding relationship between the I-divergences.

R

7

P+Q
2

2 2
olp=51 e

1P~ RIP+1Q-RI* = 2|

Thus the I-divergence between two pmf’s may be thought of as a squared Euclidean
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distance between them. Note, however, that the analogy must be used only as a guide
for understanding, and D(P||Q) should not be confused with a metric. In particular,
the I-divergence is not symmetric and does not satisfy the triangle inequality, ¢.e., in

general

D(PI|Q) # D(Q|P)
D(P||Q)+ D(QIR) # D(P|R).

Even a symmetric definition based on I-divergences, such as

(D(PIQ) + D(Q]|P))

[N R

A(P,Q) =

fails to satisfy the triangle inequality, and thus it is difficult to construct a bona fide

metric using I-divergences.



