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Abstract

Many problems in natural language learn-
ing and information retrieval involve estimat-
ing probabilities in very large discrete state
spaces. Dimension reduction as well as clus-
tering techniques in various 
avors have been
popular choices to deal with the problem of
data sparseness. In this paper, we present
a general framework for dimension reduc-
tion based on curved multinomial subfami-
lies. The investigated class of models include
di�erent geometries as well as various objec-
tive functions and algorithms for model �t-
ting. The pursued goal is twofold { to achieve
a systematic understanding of the di�erences
and similarities between various models and
to empirically investigate their generalization
performance on a number of representative
data sets.

1. Introduction

Statistical estimation problems in natural language
learning and information retrieval often su�er from
inherent data sparseness. Although typical text cor-
pora and collections may consist of millions of docu-
ments providing large amounts of training data, it is
primarily the combinatorial nature of categorical data
that challenges machine learning methods. Prominent
examples are: (i) Markov chain language models (n-
grams) which are an essential part of today's speech
recognition systems (Jelinek, 1997), (ii) probabilistic
models for syntactic structures like subject-predicate
or object-predicate, utilized in the context of parsing
(Charniak, 1997), word sense disambiguation, and se-
lectional preferences, and (iii) document-speci�c lan-
guage models for information retrieval (Ponte & Croft,
1998; Berger & La�erty, 1999; Hofmann, 1999b). The
common trait of these and other similar problems is
the very large state space over which probabilities have

to be estimated.

In n-gram language modeling and many natural lan-
guage processing methods that make use of lexicaliza-
tion, the number of possible word combinations may
exceed any conceivable corpus size. In document-
speci�c language modeling, language models have to
be estimated for each individual document, which is a
challenge even for simple models based on single word
frequencies (unigrams).

This paper pursues two closely related goals: Building
upon recent work of Gous (Gous, 1998; Gous, 1999)
and our own work (Hofmann, 1999a), it provides a sys-
tematic overview and a unifying framework for various
methods developed in di�erent research communities,
thereby establishing important links and connections.
Moreover, we present an experimental comparison of
the performance of these methods, not just for a single
problem, but for a variety of tasks. By combining theo-
retical insight about modeling assumptions, objective
functions, generalization performance, and optimiza-
tion strategies with a carefully designed series of ex-
periments, we hope to advance the general methodical
knowledge as well as the applicability of the discussed
methods.

2. Curved Multinomial Subfamilies

2.1 Problem Setting

We consider the general task of (simultaneously) esti-
mating probability mass functions Px over some state
space 
 = f!1; : : : ; !Mg for all elements x 2 X in
some (�nite or in�nite) set X .

Example. As an illustrative example consider the
case of estimating document-speci�c unigram models:
X is a collection of documents, 
 the vocabulary and
each Px corresponds to a document-speci�c unigram
language model. Px(!i) denotes the probability that
a term !i occurs in document x.
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Figure 1. Sketch of (a) the simplex Q3, (b) S
+
3 , the positive part of the 3-sphere, and (c) <2, along with intersecting aÆne

spaces. In all three cases the intersection is a one-dimensional subfamily.

In this paper, we take a geometrical point of view and
think of each probability mass function Px as de�ning
a point in <M . We can use the Euclidean coordinate
system to represent each Px by a parameter vector
�x with coeÆcients �xj � Px(!j), where �x 2 QM �

f� 2 <M : � � 0;
P

j �j = 1g. QM denotes the
probability simplex, i.e., the convex region spanned
by the M canonical basis vectors.

Consider a �nite subset �X � X , j �Xj = N and as-
sume we generate nx+ independent samples for each
x 2 �X according to Px. We introduce count vari-
ables nxj to refer to the number of times the event
!j has been observed in the sample for x. Condi-
tioned on the respective sampling sizes the count vec-
tors nx = (nx1 ; : : : ; n

x
M) have a multinomial distribu-

tion with parameters �x. The maximum likelihood
estimator (MLE) of �x is given by �̂xj = nxj=n

x
+.

Example. This sampling model corresponds to the so-
called \bag-of-words" view on documents. The counts
nxj are usually called tf (term-frequency) weights. Us-

ing the MLEs �̂x, each document is represented as a
point on the simplex QM .

In cases, where nx+ is small compared to M , the MLE
has a high variance and will therefore result in a poor
estimate. A standard way to overcome this problem is
to smooth or shrink the maximum likelihood estima-
tors, e.g., in the simplest case by combining �̂x with
the pooled estimator �̂0j =

P
x n

x
j =L =

P
x n

x
+ �̂

x
j =L,

where L =
P

x

P
j n

x
j is the total number of sam-

ples. More elaborate combination schemes like low
order back-o� models (Katz, 1987) or deleted interpo-
lation (Bahl et al., 1983) are available, if an additional
structure on X exists.

2.2 Curved Multinomial Subfamilies

Parameterizations of the Multinomial Family

So far, we have utilized a parameterization � of the

multinomial family, P (!j) = �j which is usually
called the mean-value parameterization. Yet, there
are two other parameterizations that are relevant in
our context. The �rst one is the (non-minimal)
canonical parameterization with � 2 <M , P (!j) =
exp[�j]=

P
j0 exp[�j0]. The second parameterization is

the so-called spherical parameterization (Kass & Vos,
1997) with � 2 S+M , the non-negative part S+M of the
unit M{sphere SM , P (!j) = �2j .

What is the rationale behind these transformations?
Loosely speaking, the canonical parameterization is
important, because log-probabilities of independent
events are additive and natural parameters de�ne an
aÆne coordinate system for log-probabilities.1 The
spherical parameterization has the advantage to pro-
vide an isometric embedding with respect to the Fisher
information. Intuitively, the Fisher information de-
�nes a metric and thus induces an intrinsic distance
function between probability mass functions. In the
spherical parameterization, the Fisher distance be-
tween two multinomials is proportional to the corre-
sponding arc length on the sphere.2

Example. Revisiting the case of document-speci�c
language models, we might represent a document col-
lection as a \point cloud" in three di�erent ways. In
�{space as points on the simplex QM , in �{space as
points in <M , and in �{space as points on the non-
negative part of the unit sphere S+M .

The general approach we pursue is to obtain estimates
for �x by parametric dimension reduction techniques
that can be used, e.g., as back-o� models in combina-
tion with the MLEs. What we mean here by dimension
reduction is a many-to-one mapping of points in some

1The interested reader is referred to (Murray & Rice,
1993) for an in-depth treatment of this subject.

2(Kass & Vos, 1997; Gous, 1999) discuss the spherical
parameterization in detail and also point out the relation
of Fisher distance to Hellinger distance and to variance
stabilizing transformations.



high-dimensional space to points in a low-dimensional
(say K dimensional) subspace, where this subspace is
chosen in a data-dependent manner. We thus have to
address two problems: (i) How do we identify the op-
timal subspace? And, (ii) how do we project points to
this subspace?

More formally stated, our goal is (i) to learn K{
dimensional multinomial subfamilies FK(�), parame-
terized by some parameter � and (ii) to compute for
each x 2 X an optimal location �x within FK(�).
Since the multinomial family is an exponential fam-
ily, each FK(�) de�nes a curved exponential subfamily
(CESF).

Parameterization for AÆne Subspaces The
subfamilies we consider are de�ned by intersection of
the simplex, the hyper-sphere, and <2, respectively,
with aÆne subspaces (cf. Figure 1). The problem
of �nding an appropriate representation of subfami-
lies thus reduces to the problem of parameterizing K{
dimensional aÆne subspaces of <M .

It is known that one can de�ne a manifold structure
{ called a Grassmann manifold { on the set of all
K-dimensional aÆne subspaces of <M , which has di-
mension (K + 1)(M � K). Following (Gous, 1998),
one (minimal) way to parameterize these subspaces by
� = (�;�) is as follows: De�ne AK(�;�) = fp 2 <M :
p = �+ ��; � 2 <Kg, where �T� = I, �T� = 0, and
the upper K �K submatrix of � is lower triangular.

Another (redundant) way to specify an aÆne subspace
AK is by aÆne combination with K + 1 points. For
our purposes, it is most convenient to consider points
�k on the simplex QM . Then we can de�ne

AK(�) =

(
p 2 QM : p =

K+1X
k=1

�k�
k;

K+1X
k=1

�k = 1

)
; (1)

where � = (�1; : : : ; �K+1). By simple parameter
counting we see that this uses MK +M �K free pa-
rameters, K2 more than the minimal parameterization
by (�;�).

In the sequel, it will also be important to consider the
restricted case of convex subregions ~AK (�) � AK(�)
where the � -weights ful�ll the additional constraint
�k � 0. Note that although the intersection FK(�) =
AK(�) \QM is convex, this region may not be repre-
sentable as the convex hull of K + 1 points.3

AÆne Subfamilies Let us focus on the most in-
tuitive case of aÆne subfamilies �rst. An aÆne sub-

3To give a simple example, cutting a tetrahedron with
a plane may result in a region with four corners.

family can be de�ned as the intersection of the prob-
ability simplex (�-space) with an aÆne space, i.e.,
FK(�) = QM \ AK(�). This is sketched for Q3 in
Figure 1 (a).4

Spherical Subfamilies In (Gous, 1999), spherical
subfamilies have been proposed as an alternative to
aÆne and exponential models. Spherical subfamilies
are lower dimensional spheres which are embedded on
S+M . They can be de�ned by intersecting the sphere
with aÆne spaces, FK(�) = S+M \AK+1(�) (cf. Figure
1 (b)). As was claimed in (Gous, 1999), one of the
main advantages of spherical subfamilies is that they
can model subspaces that { geometrically speaking {
are close to many corners of QM .

Exponential Subfamilies Flat exponential sub-
families, i.e., subfamilies that are themselves exponen-
tial, can be obtained by restricting � to some aÆne
subspace. Flat subfamilies have been investigated in
(Aitchison, 1982; Hastie & Little, 1987). We will
focus in the sequel on the principle pro�le method
of (Hastie & Little, 1987) in the implementation of
(Gous, 1998).5

3. Learning Curved Multinomial
Subfamilies

3.1 Objective Functions

Log{likelihood As pointed out in the introduction,
our goal is to come up with better estimates �(�x; �)
for the unknown parameters �x. A natural objective
function to use in learning subfamilies as well as in
projecting points to a subfamily is the log-likelihood,

L(�; �) =
X
x2X

MX
j=1

nxj log �j(�
x; �) : (2)

Other Criteria Since it is often diÆcult to maxi-
mize L directly, one might alternatively think of other
objective functions. (Gous, 1999) proposed to mini-
mize the (approximate) �2 distance which is known to
be locally equivalent to relative entropy,

�2(�; �) =
X
x2X

nx+
X
j

(�̂xj � �j(�
x; �))2=�̂0j : (3)

4As an aside, we would like to point out that despite
the fact that aÆne spaces AK(�) are 
at in the Euclidean
geometry, they are not 
at in the sense of information ge-
ometry, since they are not themselves exponential families.
AÆne subfamilies in the mean-value parameterization are
thus curved families.

5N. Tisby has pointed out that there is a close rela-
tionship with the information bottleneck method (Tishby
et al., 1999) which we have not explored here.



This becomes equivalent to correspondence analysis
(Greenacre, 1984) in cases where all ni+ are equal.

In even a cruder approximation, one might ignore the
rescaling in the denominator of (3) and just perform a
weighted least squares approximation by minimizing

SS(�; �) =
X
x2X

nx+k�̂
x � �(�x; �)k2 : (4)

In the context of spherical subfamilies, a natural choice
is the weighted sum of squared geodesic distances, i.e.,

G(�; �) =
X
x2X

nx+ arccos2(h�̂x; �(�x; �)i) : (5)

Generalization Performance The key problem in
machine learning is to generate models that generalize
well on new data. In the setting considered here, we
may distinguish two di�erent types of generalization:
(I) the predictive performance on additional samples
generated for each x 2 �X , or (II) one may generate
sample sets for new x 2 X � �X . In the �rst case,
one will \reuse" both, the � (specifying the family)
as well as the �x parameters (specifying a member of
the family, i.e., a point on the manifold), while in the
second case a new �x has to be computed for x. In our
experiments, we have focused on the �rst scenario.

Example. In the �rst setting one aims at predicting
additional words for documents in the given collec-
tion. In the second setting one is interested in the
performance for new documents x after they have
been \folded-in" (i.e., after �x has been computed).

3.2 Optimization Algorithms

Singular Value Decomposition Singular Value
Decomposition SVD is a standard technique that can
be used to solve least squares problems such as the
one in (4). Before applying SVD, one has to shift and
rescale the MLEs (cf. (Gous, 1998)), i.e., one performs
SVD of the matrix ~� with rows

~�x �
p
nx+(�̂

x � �̂0); (6)

hence in standard notation ~� = USV T , where U 2
<N�L, S 2 <L�L, V 2 <M�L, L = rank( ~�). And S
is diagonal with ordered singular values, while U and
V have orthonormal columns. By keeping only the
�rst K � L singular values and the �rst K columns of
V , �k = colk(V ), � = (�1; : : : ; �K), � = (I � ��T )�0,
one obtains an optimal (in the weights sum of squares
sense) low dimensional aÆne space AK(�). The low-
dimensional estimators are obtained by orthogonal
projection of �̂x, �x(�) = �+ ��T �̂x:

The SVD can also be applied to minimize the criterion
in (3). Essentially, one only needs to appropriately
rescale the j-th column before and after performing
the SVD by (�0j )

�1=2 and (�0j )
1=2, respectively.

Iterative SVD-Based Algorithms In (Gous,
1998) a method was proposed to compute optimal sub-
families FK(�) by an iterative scheme which performs
an SVD in every step. The idea is to replace the MLEs
�̂x by appropriately chosen points �x0 such that the op-
timization problem can locally be approximated by a
weighted least squares problem in �x0. We refrain from
presenting this method here and refer to (Gous, 1998)
for further details. We have used this method to �t
the spherical model as well as the exponential family
model.6

Expectation Maximization Algorithm It is in-
teresting to note that the constrained class of convex
subfamilies ~AK(�) is equivalent to a latent class model
which has been discussed under the name of latent
class analysis (Gilula & Haberman, 1986) in statistics
and was referred to as Probabilistic Latent Semantic
Analysis (PLSA) in (Hofmann, 1999a). The key obser-
vation is that we may use the following mixture model
formulation

�(�x; �) =
KX
k=1

�k�xk : (7)

This corresponds to a generative probabilistic model
with the following data generation process. For each
observation !j to be generated for x: (i) pick a value
k, 1 � k � K, with probability �xk (which can be
formally modeled by a latent class variable), (ii) con-
ditioned on the outcome k, generate an observation
according to Multinom(1;�k). This probabilistic in-
terpretation of the parameters (�; � ) is possible, since
they ful�ll the necessary non-negativity and normal-
ization constraints.

The advantage of the mixture model formulation in
(7) is that it allows the use of an Expectation Maxi-
mization (EM) algorithm (Dempster et al., 1977) for
model �tting. For each observation of an !j in the
sample of x one computes posterior probabilities that
the observation was generated from �k,

pxjk =
�kj �

x
kPK

k0=1
�k

0

j �
x
k0

(8)

6In order to handle zero counts in the exponential
model, we have added a (small) additive constant to the
counts nxj . The value of this constant has been coarsely
optimized on hold-out data.



The posterior computed in the E step (8) allow one
to calculate the expected suÆcient statistics which are
then used in the so-called M step

�kj =

P
x2X pxjkn

x
jP

x2X

PM
j=1 p

x
jkn

x
j

; �xk =

PM
j=1 p

x
jkn

x
j

nx+
: (9)

The EM algorithm alternates E and M steps and is
known to converge to a local maximum of the log-
likelihood in (2).7

Tempered EM Algorithm Tempered EM (Hof-
mann, 1999a) aims at improving the generalization
performance of EM based model �tting by introducing
an entropic regularization for the posterior probabili-
ties pxjk. As a starting point, let us derive the E step
equation (8) from an optimization principle. It can be
shown that pxj = (pxj1; : : : ; p

x
jK) maximizes

Fx
j (�) =

KX
k=1

pxjk

�
log�kj + log �xk �

1

�
logpxjk

�
(10)

for � = 1. By choosing the so-called inverse temper-
ature � < 1, the entropy contribution in (10) will get
more weight and the posterior probabilities will tend
to be \smeared out" (closer to the uniform distribu-
tion). Then the tempered E step is simply given by

pxjk =
(�kj �

x
k )
�PK

k0=1
(�k

0

j �
x
k0)�

: (11)

In order to determine an optimal choice for the regular-
ization parameter �, we have used hold-out data.8 As
our experiments will demonstrate, the tempered regu-
larization yields substantial improvements in terms of
generalization performance.

Multiplicative Parameter Update In (Lee & Se-
ung, 1999), a method for non-negative matrix decom-
position has been proposed, which was applied to de-
compose face images. The utilized objective function
is very similar to the log-likelihood in (2) with the only
di�erence that the multinomial sampling model is re-
placed by a Poisson model. The multinomial model

7Obviously, there is an identi�ability problem. Strictly
speaking, the speci�c convex region spanned by the �k

might not be identi�able. As a consequence, the log-
likelihood will have ridges of local maxima and the EM
algorithm will converge to a point on a ridge. Notice that
the generalization performance for additional samples of
x 2 X (type I generalization) is una�ected by this prob-
lem.

8The typical range for � on the data set used in this
paper is 0:55 � � � 0:95.

can be obtained from the Poisson model by condition-
ing on the sample set sizes nx+ which just leads to a
re-scaling of the parameters �x. The multiplicative
matrix update rule used in (Lee & Seung, 1999) is thus
essentially equivalent to the presented EM procedure.

4. Experimental Results

4.1 Applications

In our experimental evaluation, we have used three
data sets for di�erent problems in natural language
learning and information retrieval.

Language Models for Information Retrieval

A number of recent information retrieval methods
make use of document-speci�c language models (Ponte
& Croft, 1998; Berger & La�erty, 1999; Hofmann,
1999b). Assume that we have a set of words (vocabu-
lary), 
 = f!1; : : : ; !Mg and that for each document
x 2 X we want to estimate the probability �xj to ob-
serve a particular word !j in document x. Using the
\bag-of-words" view, we can directly apply the pre-
sented dimension reduction framework in order to si-
multaneously estimate these probabilities for all doc-
uments. As was outlined in (Hofmann, 1999b) this
approach is closely related to Latent Semantic Anal-
ysis (Deerwester et al., 1990), a SVD-based technique
that is (up to shifting) equivalent to learning aÆne
families based on (4).

The reason why document-speci�c language models
are so important is that they allow one to compute
the probability that a given query was generated from
a document. Such schemes have proven to provide a
powerful score for document ranking. (Ponte & Croft,
1998; Berger & La�erty, 1999; Hofmann, 1999b).

Bigram Language Models Low-order Markov
model (n{gram models) are by far the most popular
class of language models. The key problem in these
models is the data sparseness: most combinations of
words will typically be never observed in a training
corpus. Usually, linear model combination schemes
with lower order models are used for smoothing, i.e.,
trigram estimates are combined with bigrams and bi-
grams are combined with unigram models. Since, for
example, a unigram model can be thought of as a
0{dimensional bigram model, it seems natural to use
curved exponential subfamily models as intermediate
models. This scheme has been proposed before (Saul &
Pereira, 1997) using the convex aÆne families ~AK(�)
(aggregate Markov model). In our experiments, we
restrict attention to the case of low-dimensional esti-
mates for bigram probabilities, although our frame-



Number of Dimensions
10 25 50 75 100 150 200 300 500 1000 2000 opt.

AÆne, SS 732 674 664 704 715 758 810 865 974 1482 - 662

541 361 250 197 165 128 108 85 63 32 -
AÆne, �2 658 586 604 601 623 657 691 753 884 1474 - 586

508 352 263 214 184 146 122 95 68 32 -
Exponential 2044 2836 4017 5112 5802 6825 7239 7431 7559 8510 - 2044

1752 1824 1544 1269 950 559 335 149 57 32 -
Spherical 1722 1175 991 942 931 983 1033 1161 1532 2429 - 919

985 434 216 144 109 76 61 47 38 36 -
AÆne, NMF 774 659 599 559 527 506 494 469 441 412 394 394

568 446 349 289 274 255 245 232 201 166 139
EM (tempered) 637 532 472 446 427 412 408 389 374 368 363 363

535 384 305 240 191 174 158 144 111 91 74

Table 1. Perplexity results on the Medline1033 data. Numbers in italics are results obtained on the training data. The
last column reports the optimal result obtained by picking the best number of dimension K (which might be di�erent
from the K values displayed in the table).

Number of Dimensions
10 25 50 75 100 150 200 300 500 1000 opt.

AÆne, SS 208 192 178 181 181 181 176 177 177 - 170

132 91 65 55 47 38 32 26 21 -
AÆne, �2 285 212 182 162 152 147 147 155 158 - 145

256 171 127 92 74 53 41 30 22 -
Exponential 1561 980 597 383 314 293 272 248 229 219 219

1263 623 246 108 66 45 35 26 20 19

Spherical 527 376 318 291 280 264 257 257 257 - 257

264 121 67 49 40 32 29 26 26 -
AÆne, NMF 191 154 139 132 125 119 114 107 104 100 100

128 96 84 78 63 55 49 44 39 34
EM (tempered) 166 140 124 116 110 105 101 96 93 91 91

130 95 68 62 51 44 43 38 33 26

Table 2. Perplexity results on the Verb1000 data. Numbers in italics are results obtained on the training data. The last
column reports the optimal result obtained by picking the best number of dimension K.

work can also be applied in the more general case.

Predicate-Argument Model Lexicalized parsing
appropriately augments statistical parsing techniques
such as Probabilistic Context Free Grammars (Char-
niak, 1997). Learning lexical attributes essentially ex-
tracts semantic information from the language. At-
tributes such as predicate-argument structure provide
some clues to help disambiguate candidate parses. Un-
fortunately, estimating distributions over predicate-
argument pairs is diÆcult due to the inherent sparse-
ness of the pairs. In our experiments we consider
speci�cally the predicate-subject pairs.

4.2 The Data Sets

In order to be able to perform a large number of ex-
periments for various models and �tting algorithms,
we have chosen three medium-sized data sets in our
experimental evaluation.

Medline1033 We have used the Medline1033 test
collection which contains 1033 documents from the
Medline on-line database. For each document, we have
counted the number of occurrences of words, where
M = 1668 words have been used (those words with at
least 10 occurrences in the collection).

Bigram1000 We have collected bigram data from
a subset of the Penn Treebank Wall Street Journal
corpus, a corpus of Wall Street Journal articles from
1988 and 1989. From this subset, we collected co-
occurrence counts for the most frequent 1000 word
roots (the WordNet Morphy system was used for mor-
phological reduction). We model the occurrence of a
word by the occurrence of the preceding context (in
this case, the preceding word).

Verb1000 From a collection of parsed Wall Street
Journal articles, we collected subject verb co-
occurrence counts for the most frequent 1000 subjects
and 1000 verbs. In particular, we identi�ed a head-
noun and head-verb form each subject-phrase and



Number of Dimensions
10 25 50 75 100 150 200 300 500 1000 opt.

AÆne, SS 119 90 79 74 71 68 67 67 69 - 67

115 84 71 64 59 54 51 47 43

AÆne, �2 186 106 85 78 73 69 68 66 67 - 66

185 102 79 71 64 57 52 48 44

Exponential 527 345 267 219 194 158 131 106 92 89 89

511 317 230 175 145 106 80 57 45 41

Spherical 141 123 122 122 123 123 125 128 135 - 122

134 111 104 100 97 92 90 89 88

AÆne, NMF 104 83 75 71 69 66 64 63 62 61 61

99 79 66 62 58 57 56 55 55 54
EM (tempered) 103 81 74 69 67 64 62 61 61 60 60

98 77 68 62 59 55 53 51 50 50

Table 3. Perplexity results on the Bigram1000 data. Numbers in italics are results obtained on the training data. The
last column reports the optimal result obtained by picking the best number of dimension K.

verb-phrase pair and morphologically reduced these
words using the WordNet Morphy system. The data
set Verb1000 models the occurrence of the verbs given
the preceding subject.

4.3 Series of Experiments

We have empirically investigated the following mod-
els: (i) aÆne model with the sum of squared error
measure in (4), (ii) aÆne model with �2 �tting cri-
terion in (3), (iii) exponential subfamily model with
one-step orthogonal projection, (iv) spherical model
with one-step geodesic projection, (v) aÆne (convex)
model trained with the multiplicative matrix update
rule and early stopping, and (vi) aÆne (convex) model
trained by tempered EM.

We have used the log-likelihood as an evaluation cri-
terion. Following common practice in language mod-
eling, we report perplexity results:

PERP � exp

2
4�X

x2 �X

MX
j=1

nxj log �
x
j =L

3
5 : (12)

The data has been split into three sets: (i) a training
set consisting of 80% of the observations, (ii) a (hold-
out) validation set to determine optimal parameters
(such as dimensions, smoothing parameters, number
of iterations, optimal �), (iii) a test set on which we
report perplexity results. For both, validation and test
set, 10% of the data was used.

Perplexity Minimization by Dimension Reduc-

tion In the �rst series of experiment, we have com-
puted (approximately) optimal families FK(�) for var-
ious choices of dimensions. Results are reported for
K = 10; 25; 50; 100; 150; 200;500;1000;2000. Tables 1,
2, and 3 show the results on Medline1033, Verb1000,

Medline1033 Verb1000 Bigram1000
Baseline 454 91 64
AÆne, SS 397 89 61
AÆne, �2 380 88 61
Spherical 406 90 62
Temp. EM 357 84 59

Table 4. Perplexity results for smoothing the MLE.

and Bigram1000, respectively.

Let us compare the SVD{based class of methods �rst.
(i) In accordance with results reported in (Gous, 1998;
Gous, 1999), the spherical model shows the best �t on
the training data for an intermediate range of dimen-
sions, while the aÆne model trained with weighted
sum of squared error (4) is typically doing best for
lower dimensionalities. The exponential model does
not �t the training data well. (ii) In term of general-
ization performance, however, the performance of the
spherical model is very poor as can be seen from the
large discrepancy between training vs. test set perfor-
mance. Overall, the aÆne model based on (3) shows
the best generalization performance among the SVD-
based approaches.

Comparing SVD{based methods with the iterative op-
timization techniques based on the mixture model for-
mulation, the latter show substantial and consistent
performance gains on all data sets. The regularization
in tempered EM proves to be more e�ective than early
stopping. Tempered EM achieves the best results for
all data sets and all dimensions.

Low-Dimensional Families as Back-o� Models

In a second series of experiments, we have evaluated
the use of low-dimensional families for the purpose
of smoothing the MLE. More precisely, we have in-
vestigated a linear interpolation scheme of the type
��x = �1�̂

x+�2�(�x; �)+�3�̂
0; where �1+�2+�3 = 1.



Table 4 reports the best results achieved with the
various dimension reduction methods by optimizing
the interpolation parameters on the validation data.
The baseline model corresponds to �2 = 0, i.e., a
back-o� model with �̂0 and no dimension reduction
model. These results essentially con�rm the previ-
ous results: likelihood-based approaches outperform
SVD-based methods, with tempered EM showing con-
sistently the best performance.

5. Conclusion

We have presented a general framework for probabilis-
tic dimension reduction within the theory of curved
multinomial subfamilies. Experimental results have
shown that these methods are a 
exible and well{
suited tool for various applications in natural language
learning and information retrieval. Among the dis-
cussed geometries and methods, the tempered EM al-
gorithm has consistently outperformed all other tech-
niques in terms of generalization performance.
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