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Abstract

We present the theory for heteroscedastic discriminant analysis (HDA), a model-based

generalization of linear discriminant analysis (LDA) derived in the maximum-likelihood

framework to handle heteroscedastic–unequal variance– classi¿er models. We show how

to estimate the heteroscedastic Gaussian model parameters jointly with the dimensionality

reducing transform, using the EM algorithm. In doing so, we alleviate the need for ana-

priori ad-hoc class assignment. We apply the theoretical results to the problem of speech

recognition and observe word-error reduction in systems that employed both diagonal and

full covariance heteroscedastic Gaussian models tested on the TI-DIGITS database.
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1 Feature Extraction for Speech Recognition

Feature extraction in the state of the art speech recognition systems is a two step process,

when considered from a data dimensionality viewpoint. In the ¿rst step, the dimensionality

of the speech waveform is reduced using cepstral analysis [1] or some other analysis pro-

cedure motivated by human speech perception [2]. In the second step, the dimensionality

of the obtained features vector is increased by the formation of an extended features vector

that includes derivative and acceleration information [3].

Despite the widespread use of the cepstrum coef¿cients as the features for speech recog-

nition, the method used to arrive at these features is heuristic. It’s not even clear that the

linear operator (discrete cosine transform) used in the¿nal step of cepstrum coef¿cient ex-

traction, is an optimal choice. The Karhunen-Loeve (KL) transform that is often used as a

linear operator for dimension reduction, is an optimum transform for signal representation

and speech compression, but not necessarily for speech recognition, which is a classi¿ca-

tion task. The same is true for any other signal processing scheme, including those that

are based on perceptual considerations [2] or auditory models [4] which do not take into

account the task objective and thus are strictly bottom up approaches.

The second step in the feature extraction process is aimed at incorporating informa-

tion about the context in which the feature occurs. Feature derivative and acceleration are

widely used for this step, but, their use is nevertheless ad-hoc. The obtained features, in-
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deed incorporate context information, but they are not necessarily the most parsimonious

representation of information for the intended task, which is speech recognition.

To obtain features suitable for speech sound classi¿cation, Hunt [5] proposed the use

of linear discriminant analysis (LDA) [6, 7, 8] and derived features so as to improve sepa-

rability of syllables.

Brown [9], almost a decade later, experimented with both principal component analysis

(PCA) [6, 8] and LDA to project the features in subspaces of reduced dimensions. Brown’s

experiments, were done using a discrete hidden Markov model (HMM) classi¿er, showed

that the LDA transform is superior to the PCA transform. Brown incorporated context

information by applying LDA on an augmented feature vector formed by concatenating

the features from a number of frames around the observation vector. By doing so, con-

text is incorporated selectively based on the best linear combination of observation vectors

and thus all components of the feature vector are likely to contribute to better classi¿ca-

tion. In the years following Brown’s work, researchers have applied LDA to discrete [10]

and continuous [11, 12, 13] HMM speech recognition systems and have reported im-

proved performance on small vocabulary tasks but with mixed results on large vocabulary

phoneme-based systems [14, 15].

We should point out that applying LDA to the speech recognition problem is more

complicated when the classi¿er is based on continuous HMMs and Gaussian mixtures

where, the sample class assignment is not obvious. Various techniques for class assign-
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ment have been proposed and used with different degrees of success with continuous

HMMs [16, 17, 18, 19, 20].

LDA has also been employed successfully to reduce the feature dimensions from large

dimensionality auditory representations [21, 22, 23] for speech recognition. Adaptive

forms of LDA have been also proposed with encouraging results, taking into account indi-

vidual class distribution into account and circumvent mismatch between the assumed class

distribution and the actual data [24, 25].

Despite its popularity and promise for signi¿cant improvements to speech recognition,

LDA has not always improved the performance of speech recognition systems. We attribute

the lack of robustness to a basic shortcomings in the widely used model-free formulation

of LDA. In the original Fisher/Rao model-free formulation [26, 27, 28], LDA projections

are best suited to classi¿er models where class distributions have equal variance. LDA is

not the optimal transform when the class distributions are heteroscedastic.

Our observation is based on recent work by Campbell [29] who has shown that linear

discriminant analysis is related to the maximum-likelihood estimation of parameters for a

Gaussian model, with twoa priori assumptions on the structure of the model. The¿rst

assumption is that all the class-discrimination information resides in aR-dimensional sub-

space of the?-dimensional feature space. The second assumption is that the within-class

variances are equal for all the classes. Hastie and Tibshirani [30] further generalized this

result by assuming that class distributions are a mixture of Gaussians. However, the con-
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straint of common covariance matrices is maintained in both [29] and [30]. It should be

further noted that heteroscedastic AR models are well studied in the econometric literature,

the interested reader may review the state of the art in [31].

We have generalized LDA [32],[33],[34, 35] to handle heteroscedasticity by dropping

the assumption of equal variance in the parametric model. We refer to this generalization

as heteroscedastic discriminant analysis or (HDA). The class assignment problem is the

second shortcoming of LDA as used today. We address it by ¿nding the optimum trans-

formation as a joint optimization process when training HMM model parameters using

the EM algorithm [32], [34, 35]. This training procedure does not necessitate an explicit

class assignment. Feature dimension reduction using reduced-rank maximum likelihood

estimation for HMMs was also reported recently by Sun [36].

In this paper, we present the theoretical framework for HDA and apply it to the problem

of feature selection and dimensionality reduction for speech recognition. In section 2 we

begin with a brief discussion of LDA in the original Fisher/Rao model-free formulation

followed in section 3 with a description of HDA. The extension to HMMs is derived in

section 4. The speech experiments are discussed in sections 5 and 6. Section 7 concludes

the paper.
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2 Linear Discriminant Analysis

The problem of dimensionality reduction through linear projections is formulated as fol-

lows:

Let % be an? dimensional feature vector. We seek a linear transformation?? $ ?R

(R 	 ?) of the form+R ' wAR %, wherewR is a? � R matrix. Letw be a nonsingular? � ?

matrix used to de¿ne the linear transformation+ ' wA%. Let us partition as

w ' dwRw?3Ro '
k
Ow� � � � Ow?

l
c (1)

wherewR consists of the¿rstR columns ofw, w?3R consists of the remaining?�R columns,

andOw� is the�th column ofw. Then, feature dimension reduction can be viewed as a two-

step procedure. First we apply a nonsingular linear transformation to% to obtain+ ' wA%.

Second, we retain only the¿rstR rows of+ to give+R. This notation may seem superÀuous

at the moment. However, it will be useful when we consider more complex models in

subsequent sections. The objective of LDA is to choose the linear transformationwR such

as to retain the maximum amount of class-discrimination information in the reduced feature

space.

Let there be a total ofa classes, and let}E�� $ i� � � � aj indicate the class that is

associated with%�. Leti%�j be the set of training examples available. Then,
S

}E��'� � ' ��

(here,}E�� ' � is a notation used to de¿ne the set of all� for which }E�� ' �) is the total

number of training examples associated with class�, and
Sa

�'��� ' � is the total number
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of training examples. Let 7f be the sample mean

7f '
�

�

�[
�'�

%�c (2)

The total normalized sum of squares and products (SSQP) 7A is de¿ned as

7A '
�

�

�[
�'�

E%� � 7f�E%� � 7f�A c (3)

The class means 7f� , the normalized class SSQP 7̀
�, and the overall pooled and normalized

SSQP 7̀ are de¿ned as:

7f� '
�

��

[
}E��'�

%� � ' � � � � ac (4)

7̀
� '

�

��

[
}E��'�

E%� � 7f��E%� � 7f��
A � ' � � � � ac (5)

and,

7̀ '
�

�

a[
�'�

��
7̀
�� (6)

In the model-free formulation, the two-class LDA method chooses a single projection

that maximizes the ratio of the overall SSQP to the within class SSQP [26, 27, 28]

	Ow� ' @h}4@ Ow�

OwA�
7AOw�

OwA� 7̀ Ow�
� (7)

The solution to equation 7 corresponds to the right eigenvector of7̀ 3� 7A that has

the largest eigenvalue [7]. If the number of classes is more than two, we can¿nd aR-
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dimensional linear transformation (R 	 ?) for classi¿cation. To get a R-dimensional trans-

formation, we maximize the ratio

	wR ' @h}4@ wR
mwAR 7AwRm
mwAR 7̀ wRm � (8)

To obtain	wR, we choose those eigenvectors of7̀ 3� 7A that correspond to the largestR

eigenvalues, and let	wR be a?� R matrix of these eigenvectors. TheR-dimensional features

thus obtained+ ' 	wAR % are uncorrelated.

3 Generalizations of LDA in the Maximum Likelihood Frame-
work

In this section, we present a brief derivation of the necessary equations for HDA, the gen-

eralization of LDA. We begin by noting that the objective of LDA is to reduce the feature

dimension by choosing a linearR-dimensional subspace of the feature space and by reject-

ing aE?� R�-dimensional subspace. Since the¿nal objective is classi¿cation, the implicit

assumption is that the rejected subspace does not carry any classi¿cation information. For

Gaussian models, the assumption of lack of classi¿cation information is equivalent to the

assumption that the means and the variances of the class distributions are the same for all

classes, in the rejectedE? � R�-dimensional subspace. We explicitly write a model that

makes these assumptions, and use maximum likelihood to¿nd the optimal transformation

under these assumptions.

Let w be a nonsingular? � ? matrix that we use to de¿ne a linear transformation that
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maps the data variables % into new variables +. Let us assume that only the ¿rst R com-

ponents of+ carry any class-discrimination information. In other words, let the full rank

linear transformationw be such that the¿rst R columns ofw span theR-dimensional sub-

space in which the class means, and probably the class variances, are different. Since the

data variables% are Gaussian, their linear transformation+ are also Gaussian. Let the pa-

rameters that describe the class means and the variances of+ be>� andP�, respectively.

For notational convenience, we partition the parameter space of the means>� and variances

P� as follows:

>� '

5
99999999997

>�c�
...

>�cR
>fcRn�

...
>fc?

6
::::::::::8
'

%
>R�
>f

&
c (9)

P� '

%
PR
�ERfR� f

f P
E?3R�
E?3Rf?3R�

&
� (10)

Here,>f is common to all the class means, and the>R� are different for each class. TheP�

have also been partitioned in the corresponding manner, such thatPE?3R� is common for all

the classes, whereasPR
� are different for different classes.

The probability density of%� under the preceding model is given as

� E%�� '
mwmt

E2Z�?mP}E��m
e%R

3
C�EwA%� � >}E���

AP3�}E��Ew
A%� � >}E���

2

4
D c (11)

where%� belongs to the group}E��. Note that although the Gaussian distribution is de-



12

¿ned on the transformed variable +�, we are interested in maximizing the likelihood of

the original data %�. The term mwm in equation 11 comes from the jacobian of the linear

transformation + ' wA%:

mY+
Y%

m ' mwA m ' mwm� (12)

Equation 11 assumes that mwm : f. If mwm is negative, we can easily ¿nd an alternate w that

satis¿es the condition by multiplying any column of w by ��.

3.1 Full Rank Ps
m

The log-likelihood of the datau8 '
S�

�'� *L}� E%�� under the linear transformationw and

under the constrained Gaussian model assumption for each class is

*L} u8 E>�cP�c w( i%�j�

' ��

2

�[
�'�

iEwA%� � >}E���
AP3�}E��Ew

A%� � >}E���

n *L}EE2Z�?mP}E��m�jn� *L} mwm� (13)

We use the subscript8 to remind us that thePR
� (which is a part ofP}E��) are different and

full covariance matrices. The likelihood function in Equation 13 can now be maximized

with respect to its parameters.

Doing a straightforward maximization with respect to various parameters is computa-

tionally intensive. We simplify it considerably by¿rst calculating the values of the mean

and variance parameters that maximize the likelihood in terms of a¿xed linear transfor-

mationw. Differentiating the likelihood equation with respect to the parameters>� andP�,
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and ¿nding the point where the partial derivatives are zero, gives us the mean and variance

estimates:

	>R� ' wAR
7f�c � ' � � � � ac (14)

	>f ' wA?3R 7fc (15)

	PR
� ' wAR 7̀

�wRc � ' � � � � ac (16)

	P?3R ' wA?3R
7Aw?3R� (17)

Note that the >�c � ' � � � � a can be calculated if w is known, and P�c � ' � � � � a can

be calculated if >�c � ' � � � � a and w are known. Therefore, we would ¿rst like to solve

for w. Substituting the values of the optimized >�c � ' � � � � a and P�c � ' � � � � a in

Equation 13, we obtain the log-likelihood of the data (u8 Ew( i%�j�) in terms ofw.

*L}u8 Ew( i%�j� '
��?

2
*L} 2Z � �

2
*L} mEwA?3R 7Aw?3R�m �

a[
�'�

��

2
*L} mEwAR 7̀

�wR�m

��

2

a[
�'�

[
}E��'�

EE%� � 7f��
A wREw

A
R
7̀
�wR�

3�wAR E%� � 7f���

��

2

a[
�'�

[
}E��'�

EE%� � 7f�A w?3REw
A
?3R

7Aw?3R�
3�wA?3RE%� � 7f��

n� *L} mwm� (18)

We can simplifyu8 Ew( i%�j� and then maximize it with respect tow to give

	w8 ' @h}4@ wi�
�

2
*L} mEwA?3R 7Aw?3R�m

�
a[
�'�

��

2
*L} mEwAR 7̀

�wR�mn� *L} mwmjc (19)
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where 	w8 is the estimate of the parameter w.

Since there is no closed-form solution for maximizing the likelihood with respect to

w, the maximization in equation 19 has to be performed numerically. In our experiments,

we performed the required optimization using quadratic programming algorithms such as

those available in MATLABA� optimization tool-box. We used the LDA solution as an

initial guess for	w. We explicitly provided the analytic expressions (which can be found

in [34, 35]) for the derivatives of the likelihood to the optimization routines. Even though

we use quadratic-optimization techniques, the likelihood surface is not strictly quadratic,

and the optimization algorithms occasionally fail. We achieve robustness by using steepest

descent. The amount of time it takes to compute	w depends on the particular problem, and

it has been our experience, that the quadratic optimization routines, when they work, are

about two orders of magnitude faster than steepest-descent. After optimization, we use

only the¿rstR columns of	w8 to obtain the dimension-reduction transformation.

3.2 Diagonal Ps
m

In speech recognition, we often assume that the within-class variances are diagonal. There-

fore, we also consider the optimal projections for this case. Let us assume thatPR
� and

PE?3R� are diagonal matrices such that the diagonal elements ofP� areij�� � � � jR�jRn� � � � j?j.

Then, in terms of the matrix partitions in Equations 9 and 10, the log-likelihood of the data

can be written as
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*L}u(E>�cP�c w( i%�j� '
��?

2
*L} 2Z n� *L} mwm � �

2

?[
&'Rn�

*L} mj&m

�
a[
�'�

��

2

R[
&'�

*L} mj&� m �
�

2

a[
�'�

[
}E��'�

R[
&'�

EOwA& %� � >�c&�
2

j&�

n
�

2

a[
�'�

[
}E��'�

?[
&'Rn�

EOwA& %� � >fc&�
2

j&
� (20)

Using the same method as before, and maximizing the likelihood with respect to >� and

P�c � ' � � � � a , we get

	>R� ' wAR 7f�c � ' � � � � ac (21)

	>f ' wA?3R 7fc (22)

	PR
� ' #�@}EwAR

7̀
�wR�c � ' � � � � ac (23)

	P?3R ' #�@}EwA?3R 7Aw?3R�� (24)

Substituting values of the maximized mean and variance parameters in Equation 20

gives the maximized likelihood of the data in terms of w

*L}u(Ew( i%�j� '
��?

2
*L} 2Z � �

2
*L} m#�@}EwA?3R 7Aw?3R�m �

a[
�'�

��

2
*L} m#�@}EwAR 7̀

�wR�m

��

2

a[
�'�

[
}E��'�

EE%� � 7f��
A wR#�@}Ew

A
R
7̀
�wR�

3�wAR E%� � 7f���



16

��

2

a[
�'�

[
}E��'�

EE%� � 7f�A w?3R#�@}Ew
A
?3R

7Aw?3R�
3�wA?3RE%� � 7f��

n� *L} mwm� (25)

We can now ¿nd the maximum-likelihood estimate forw by maximizing this likelihood

numerically. We can simplify this maximization to the following:

	w( ' @h}4@ wi�
�

2
*L} m#�@}EwA?3R 7Aw?3R�m

�
a[
�'�

��

2
*L} m#�@}EwAR 7̀

�wR�mn� *L} mwmjc (26)

where	w( is the estimator forw(� that is, it is the optimal transformation if we wish to use

diagonal-variance Gaussian models for each class.

3.3 P With Equal Parameters

We¿nally consider the case where;�c P� ' P. Then, the maximum-likelihood parameter

estimates can be written as follows:

	>R� ' wAR 7f� � ' � � � � ac (27)

	>f ' wA?3R
7fc (28)

	PR ' #�@}EwAR
7̀ wR�c (29)

	P?3R ' #�@}EwA?3R 7Aw?3R�c (30)

and

	w. ' @h}4@ wi�
�

2
*L} m#�@}EwA?3R 7Aw?3R�m
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��

2
*L} m#�@}EwAR 7̀ wR�mn� *L} mwmj� (31)

We obtain Equation 31 by inserting the values of >� and P that maximize the likelihood,

and then dropping the constant terms in the log-likelihood. We have shown [34, 35] that the

solution that we obtain by taking the eigenvectors corresponding to largestR eigenvalues

of 7̀ 3� 7A also maximizes the expression in Equation 31, thus asserting the claim that LDA

is the maximum likelihood parameter estimate of a constrained model.

4 Extension to Hidden Markov Models

We have proposed the theoretical framework to obtain optimal features for heteroscedastic

Gaussian models in the previous sections, but we have not tackled yet the problem of

assigning the feature vectors to classes. In this section we propose a method to do so by

extending the maximum-likelihood framework of feature-dimension reduction to HMMs.

Such formulation is necessary in speech recognition, where the data form a time series of

vectors.

To distinguish the time series from the independent identically distributed (iid) obser-

vations%, let us denote the time-series byJ�, J� ' J�c � � � c JA , whereA is the index of¿nal

time step. The initial state is assumed to be 1. The¿nal state is assumed to be N. At a

discrete time step, the model can make a transition from state7� to state7� based on the

transition probability@��. When a state7� is entered, an?-dimensional feature vector is

emitted, based on an underlying distribution��E��, which is assumed to be Gaussian. We



18

use the expectation-maximization algorithm [37, 38] to¿nd the parameters of an HMM.

This algorithm is an iterative procedure that can be used if the observations are viewed as

incomplete data. The underlying complete data should come from an exponential family.

In the case of HMM, consider the state transitions as the missing data. Gaussian distri-

butions are members of the exponential family of distributions. If the state transitions are

known, we can compute the parameters of these distributions. Therefore, the EM algorithm

can be applied to HMM.

If we wish to reduce the feature dimension, we have to make the assumption thatthere

is a E? � R�-dimensional linear subspace in which the��E�� are exactly the same for all

the states7� . For Gaussian distributions, this assumption is the same as that described in

Section 3. The underlying distributions are still exponential. Therefore, the EM algorithm

can still be used.

Let us step through the algorithm. W.L.O.G., let us assume that the initial state and the

¿nal state are ¿xed and known. Then, such an HMM is speci¿ed completely by the state-

transition probability matrix� ' d@��o, and the state probability distributionsi��E��j,

which are in turn speci¿ed by the setiwc >fc >R� cPR
� cP

E?3R�j. We¿nd a maximum-likelihood

estimate of the HMM parameters by embedding the optimization forw in the maximization

step of the EM algorithm [37, 38]. In particular, for the models discussed in Section 3,

the parameters to be estimated areiwc >�cP�j. Now there are additional parameters to be

estimated: namely,@�c� the transition probabilities from state� to state�. If the state tran-
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sition sequence were known for the observed data, then it would be easy to estimate the

transition probabilities. Since the state transition sequence is not known, it is termed miss-

ing data. The expanded set of parameters is estimated in an iterative manner. We make

an initial guess of the model parameters. We then estimate the probabilities of being in a

particular state at each time step (missing data) on the basis of the training data, and using

our initial guess of the values of i@�c�c wc >�cP�j. This step is the expectationstep. Then,

we reestimate i@�c��wc >�cP�j so as to maximize the likelihood of the training data plus the

transition probabilities. This step is the maximizationstep.

We calculate the expected value of the transitions at any time using the forward-backward

algorithm [37]. Let the forward probabilityk�E|� for some model M be de¿ned as

k�E|� ' � EJ�c � � � c J|c rE|� ' �m��( (32)

that is, it is the joint probability of observing the¿rst | speech vectors and being in the state

� at time|. This forward probability is calculated ef¿ciently by the recursion

k�E|� '

% [
�'@** t|@|it

k�E|� ��@��

&
K�EJ|�� (33)

The backward probability is de¿ned as

q�E|� ' � EJ|n�c � � � c JA mrE|� ' �c��� (34)

This backward probability can be computed ef¿ciently by the backward recursion

q�E|� '
[

�'@** t|@|it

@��K�EJ|n��q�E| n ��� (35)
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Then, based on the forward and backward probabilities,

k�E|�q�E|� ' � E�c rE|� ' �m��� (36)

The likelihood of being in state � at time | is then

u�E|� ' � ErE|� ' �m�c��

'
� E�c rE|� ' �m��

� E�m��

'
k�E|�q�E|�

� E�m��
� (37)

The normalizing constant � E�m�� satis¿es the condition
S

@** t|@|it u�E|� ' �, and it can

be shown that � E�m�� ' k�EA �.

Once the likelihood of being in any state is known, the weighted means and sum of

squares and products are calculated as

�� '
A[
|'�

u�E|�c (38)

� '
[

@** t|@|it

��c (39)

7�� '
��

�
c (40)

7f '

SA
|'� J|
�

c (41)

7f� '

SA
|'�u�E|�J|

��

c (42)

7̀
� '

A[
|'�

u�E|�

��

EJ| � 7f��EJ| � 7f��
A c (43)

7̀ '
[

@** t|@|it

7��
7̀
�c (44)
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7A '
A[
|'�

�

�
EJ| � 7f�EJ| � 7f�A � (45)

We can then use the statistics in the above to perform the constrained optimization of

Section 3 to ¿nd wc >fcP
E?3R� and i>R� cPR

�j;7� . This procedure is repeated until conver-

gence.

Note that mixture models are a special case of HMMs: they contain non-emitting initial

and¿nal states, and as many additional states as there are mixtures in the model (g) . The

transition probability from the initial state to a mixture state is@��, with the constraint that

Sg
�'� @�� ' �. Each of the mixture states makes a non-emitting transition into the¿nal

state. Due to this relationship, the generalization holds for mixture models as well.

5 Application of Discriminant Analysis to Speech Recog-
nition

In this section, we discuss practical issues that arise when applying discriminant analysis

to the speech recognition problem.

5.1 Feature Vector to Class Assignment

If we approximate the largest value of u�E|� for any given | to 1, and the rest of the values

to 0, then the equations (39-44) approximate to assigning the feature vector at time|, to

the most likely state at time|. In case of mixture distributions, the assignment would be

to the most likely mixture component. Due to some computational constraints in¿nding
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	w( and 	w8 for every iteration, we have used this approximation to the method developed in

section 4. Also, the computation of 	w( and 	w8 is not performed every iteration.

Techniques closely related to the one suggested by the above approximation have been

used previously by other researchers [9, 16, 18, 20]. Now, we describe here the method

that we have used for assigning each feature vector to a class.

1. Estimate the HMM model parameters by using the ?-dimensional training data and

applying the Baum/Welch algorithm [37]

2. Use the model parameters and the segment transcriptions to determine the most likely

sequence of HMM states for the training data.

3. Treat each state as a different class. Assign each feature to a class corresponding to

the state from which it (most probably) came.

4. Now that the class labels are available, perform HDA to reduce the feature dimension.

Apply the linear transformationwR, thus obtained, to the feature vectors. Also, usewR

to transform the features at the time of recognition.

5. Estimate the HMM parameters for the new transformed and reduced features.

We use the transformed features and the corresponding HMM parameters to evaluate

performance on the test data.
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5.2 Incorporating Context Information

Information about the dynamics of features, such as the feature derivative and acceler-

ations, is known to improve the performance of speech recognition systems [3]. These

features are computed using standard numerical methods of polynomial regression. In the

HDA framework, derivative and acceleration computation are treated as one of the possible

linear operations. Let us de¿ne thecontext size � as the number of feature vectors before

and after the current feature vector (each feature vector is?-dimensional) that are used to

incorporate the dynamic information. We create a new feature vector of sizeE2� n ��?

by concatenating all the feature vectors within the context size of the current feature. We

then perform discriminant analysis on this new feature. Thus HDA makes the choice re-

garding what aspects of the dynamics are important, without the constraints of assuming

the velocity and the acceleration to be the only relevant terms.

5.3 Selection of the Feature Dimension R

There is no formal method for choosing the feature dimension that would optimize the

speech recognition performance. One good way to choose the appropriate feature dimen-

sion is through cross validation. This approach requires that we set aside a portion of the

training data, and evaluate the model parameters on the basis of remaining data. Then

we evaluate the recognizer performance on the set-aside data, and repeat this process of

training and testing for different values ofR. We select the dimension that gives the best
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recognition performance, and evaluate the model parameters for that value of R using the

entire training data. Another possibility is to use a model selection criterion such as AIC

or BIC [39],[40],[41]. These methods are good, but require large amount of computation

to ¿nd the optimum HMM parameters, for each model that is considered.

Here, we attempt to use a method that does not require repeated HMM parameter es-

timation. Let us assume that all the features%� are independent. Then, Bartlett has shown

that the statistic

T ' EE� � ��� �

2
E?n a��

?[
�'Rn�

*L} 	b�c (46)

is approximately distributed as a�2 random variable withE? � R�Ea � R � �� degrees of

freedom, where� is the total number of independent features,? is the feature dimension,

a is the total number of classes and	b� are the eigenvalues of̀ 3�A . He used the null

hypothesis that the subspace spanned by the right eigenvectors of`3�A corresponding to

the smallest eigenvaluesb� (in the set� ' iRn� � � � ?j does not contain any discrimination

information and has a multivariate Gaussian distribution [42, 7].

We use this result to construct a hypothesis test for selecting the feature dimension.

The null hypothesisMf states that the subspace that we wish to reject follows a multivari-

ate Gaussian distribution, and does not contain any class-discrimination information (class

means and variances are the same for all classes). Starting from the subspace correspond-

ing to the smallest eigenvalue (R ' ?��), we perform a series of hypothesis tests, rejecting

subspaces of increasingly larger dimension until the null hypothesisMf is rejected.
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This method is suitable if all the class distributions were Gaussian with equal variance.

However, in our case, this method has two problems. First, the class distributions may

not be Gaussian. Second and more seriously, the consecutive feature vectors are not inde-

pendent for speech signals. However, the distinct advantage of using this approach is that

repeated parameter estimation and cross validation are not required. It is our conjecture that

if the value of� in Equation 46 is chosen to be a fraction of the total number of feature

vectors, reasonable estimates of the best feature dimension may be obtained.

In our experiments we adopt the following approach for selecting the feature dimension

R. Initially, without using any context information, we reduce the feature dimension to

about�� by applying HDA. We then use the class assignment obtained from this model to

perform HDA using a context size� ' �. We choose� in Equation 46 asone-fourthof the

total number of feature vectors. This decision was made a-priori, and was not derived from

the test results presented here. We perform hypothesis tests, select a feature dimension,

and evaluate HMM parameters for the selected feature dimension. We then use the class

assignment obtained from this model to perform HDA for context size� ' e, and again,

select a feature dimension.

This method does not require repeated estimation of HMM parameters – that task would

be necessary if cross validation were to be used. Therefore, we can test quickly to evaluate

the merit of any particular set of features. However, there is no reason to believe that the

value ofR obtained by this method gives the best recognition performance and therefore
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we also evaluate the recognition performance for several other values of feature dimension

R, and we shall present the results in the form of a ¿gure in section 6.

6 Experiments on TI-DIGITS

We performed speech-recognition experiments on the TI-DIGITS database using twelfth

order mel-cepstral features (with signal energy as an additional feature). We used only the

isolated digits portion of the database. We removed the silence portions of the beginning

and the end of each digit, by using the automatic silence detection algorithm proposed by

Rabiner [43]. Five state left-to-right word HMM models with single mixture component

were used to model each digit. We used full covariance matrices to model each Gaussian

distribution. We performed all the listed experiments, using the normal split of the database.

The standard technique, which uses the features and the derivative and acceleration

information, gave a recognition performance of 99.33%. The feature vectors for this exper-

iment were 39 dimensional (�� n �� n ��).

The experimental results that we achieved by applying LDA and HDA are shown in

Figure 1. Reducing the features dimension by applying LDA did not improve the recogni-

tion performance. However, the same recognition performance was achieved with a lower

feature dimension. The best error rates for the curves in Figure 1 are summarized in Ta-

ble 1. When HDA was applied using� ' e, the recognition performance improved to

99.41% with only 29 features. This improvement corresponds to about a 12% reduction in
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error rate (21 errors instead of 24 in 3586 examples), and to about 25% fewer features.

When the method described in section 5.3 is applied to the data to obtain the optimal

feature dimension, the estimated feature dimension R is 26. Given that the context size is

e, the value of R could be any number, up to ��.. Therefore, we must conclude that this

method of dimension selection, does help in reducing our search for the optimal feature

dimension.

Figure 1 goes about here

Table 1 goes about here

We have also performed an experiment using diagonal variance matrices (Table 2).

We test diagonal variance models because such models are employed in large-vocabulary

continuous speech-recognition systems. When the standard technique of using derivatives

and accelerations is applied, the recognition performance is only 96.54%, corresponding

to an error rate of 3.36%. By applying the standard LDA method, we reduced the feature

dimension to 29, and reduce the error rate to 2.29%. When we applied HDA, we could

further reduce the error rate to 1.65%, which is less than half of the original error rate, and

corresponds to about 30% fewer errors as compared to using LDA. In these experiments,

the dimension choice of2b came from using the method described in section 5.3.

Table 2 goes about here
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7 Discussion

The performance of a classi¿er depends on two important factors. The ¿rst factor is how

well the classi¿er model is capable of representing the data. The second factor is the amount

of data available to reliably estimate the parameters of the model.

Among the models used in section 6, the models using full covariance matrices are the

more general compared to the model that uses diagonal covariance matrices. Therefore,

the full covariance models are capable of providing better performance, provided we make

good estimates of the parameters. With the full covariance models, any linear transforma-

tion + ' wA% will only change the value of the means and the variances of the transformed

variables. However it cannot increase the likelihood of the model. We notice that when the

feature dimension is reduced to a very small number (25 for example), the performance of

the recognizer is worse than what it is in the original 39-dimensional feature space. We

can justify this phenomenon by noticing that the corresponding models for reduced fea-

ture dimension are more restrictive, since they assume equal means and variances for all

states in the rejected subspace. However, the performance improves slightly if HDA is

used to reduce the feature dimension to 29. A possible explanation for this phenomenon

may be that there is not enough classi¿cation information in the rejected subspace (means

and variances of different classes are close to each other), and therefore, by using a more

constrained model, we are able to get better parameter estimates, and hence better perfor-
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mance. In this situation, HDA does a better job of ¿nding the right subspace for rejection,

as compared to LDA.

The situation is different when the models use diagonal covariance matrices. In this

case, if the features are correlated within a class, the correlation may be reduced by in-

troducing a linear transformation de¿ned byw, thus increasing the likelihood of the model.

Therefore, when HDA is applied, much greater improvements in performance are observed.

A model selection criterion that weighs the increase in likelihood against the number of free

parameters can also be used to choose between models, and is discussed in [34].

8 Conclusions

We have presented the formal technique of heteroscedastic discriminant analysis and inves-

tigated its application to continuous speech recognition using HMM models. Our experi-

ments on the TI-DIGITS are encouraging and they warrant further investigation on larger

and more dif¿cult tasks, for the potential of improvement in performance, and reduction of

the computational load through reduced feature dimension.
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Table 1: Best recognition performances on LDA and HDA transformed Mel-cepstrum

features and full covariance matrix, unequal variance models.

Table 2: Best recognition performance on LDA and HDA transformed Mel-cepstrum fea-

tures and diagonal covariance matrix, unequal variance models.
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Table 1: Best recognition performances on LDA and HDA transformed Mel-cepstrum fea-
tures and full covariance, unequal variance models.

Method Feature Recognition
Used Dimension Error (%)

{ and Acceleration 39 0.67
LDA (� ' �) 28 0.67
LDA (� ' e) 39 0.67
HDA (� ' �) 29 0.78
HDA (� ' e) 29 0.59
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Table 2: Best recognition performance on LDA and HDA transformed Mel-cepstrum fea-
tures and diagonal covariance matrix, unequal variance models.

Method Feature Recognition
Used Dimension Error (%)

{ and Acceleration 39 3.36
LDA (� ' e) 29 2.29
HDA (� ' e) 29 1.65
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Figure 1: Recognition performance on LDA and HDA transformed Mel-cepstrum features

and full covariance matrix, unequal variance models. The context size is indicated

by the number in the legend.
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Figure 1: Recognition performance with mel-cepstral features when linear (LDA) and het-
eroscedastic (HDA) discriminant analysis are used to reduce feature dimension. The con-
text size is indicated by the number in the legend.




