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Abstract

Fisher{Rao Linear Discriminant Analysis (LDA), a valuable tool for multi-

group classi�cation and data reduction, has been investigated in the maximum

likelihood framework. It has been shown that the LDA solution is a special case

from the more general class of solutions. Generalizations of the LDA formu-

lation have been proposed to handle the case where the within class variances

are unequal, and their performance has been examined on randomly generated

test data.

1 Introduction

Statistical pattern classi�cation deals with classifying objects into di�erent categories,
based on certain observations made on the objects. For example on might want to
classify furniture into di�erent catagories of classes such as tables, desks and chairs.
Here the classes are assumed to be mutually exclusive and exhaustive. The possible
information available about the object is in terms on certain measurements made on
the object. For example whenever a new piece of furniture arrives, there may be
machines to measure the height, the width and the weight of the furniture. These
three quantities would then form an observation or feature vector x. The three
dimensional space to which the feature vectors belong is called the feature space.
For the example above, is is known then none of the three features could possibly
take a negative value. However, for the sake of convenience in classi�er design, it is
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often assumed that the feature space is the whole real axis. It is assumed that if the
object (furniture) belongs to a certain class, then features take values according to
a probability distribution that depends on the class. A statistical pattern classi�er
then assigns vectors x from <n (n dimensional feature space) to one of J classes.
The assignment is performed so as to minimize the probability of error. Let 
 =
f!1 : : : !Jg be the set of possible classes that could have given rise to the observation
x 2 <n. Then based on the observation alone, assigning x to a class !j such that

P (!j=x) > P (!i=x) 8i 6= j (1)

minimizes the probability of error [1]. Decomposing (1) into priors and posterior,
and noting that P (x) cancels out on both the sides, one could write

P (x=!j)P (!j) > P (x=!i)P (!i) 8i 6= j (2)

if P (x=!j) and P (!j) were known, we could use (2) to design the classi�er. How-
ever what is available are just some design examples in the form of training data. The
approach to the classi�er design is to estimate the priors P (!j) and the parameters
of the class-conditional densities on the basis of the training data, and use them in
the classi�er described by (2) as if they were the true distributions.

The number of features that one may consider in a practical pattern classi�cation
problem is large. In the example of furniture, one could possibly think of several
other features such as packaging material, re
ectivities and color etc. In speech
recognition, the dimensionality of acoustic features based on auditory models may
range from a few tens to several hundreds. It is reasonable to believe that each of these
features helps in some discrimination. If the parameters of the recognition-model were
completely known, adding new features should not degrade the performance of pattern
recognition system. At most, if the new features do not contain any information, they
will be ignored.

Unfortunately, for pattern-classi�cation problems, it has frequently been observed
in practice that, beyond a certain point, the inclusion of additional features degrades
the performance. The basic source of the problem can always be traced to the fact
that the training data is �nite, and increase in dimensionality increases the e�ective
number of independent model parameters [2, 3] without increasing the amount of
information available. This problem is often called \the curse of dimensionality"

One way to counter this problem is to �nd a transformation which maps the input
feature vectors to output feature vectors of lower dimension, and which preserves as
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much discrimination information as possible about the classes associated with the
input vectors. For simplicity only linear transformations may be considered.

A new method for �nding the best linear transformations is described in this
report. The linear projections are optimal in the maximum likelihood sense if it is
assumed that the training data xi; i = 1 : : : N are independent random occurrences
and that the class conditional densities P (x=!j) are normally distributed with mean
�j and variance matrix �j. Section 2 gives a brief introduction to principle component
analysis and multi-group linear discriminant analysis. The basic shortcomings of the
two approaches have been pointed out. Section 3 describes and demonstrates the
technique of Maximum likelihood parameter estimation. Using maximum likelihood
technique, an objective function for �nding the optimal linear projections in the case
of heteroscedastic class distributions has been developed in section 4.

2 Dimension reduction through linear projections

One method commonly used for data compression and dimension reduction is princi-
pal component analysis (PCA) (also known as Karhunen-Lo�eve transform) [1]. The
�rst principal component of a sample vector is the direction along which there is the
largest variance over all samples. The hope behind this approach is that the direction
along which there is maximum variation is also most likely to contain the informa-
tion about class discrimination. The nth principal component is chosen to be a linear
combination of the input features that has the largest variance under the constraint
that it is also uncorrelated to the previous n� 1 constraints.

One problem with principal components is that it's not independent of the pa-
rameter scale. If the nth parameter of the input feature vector is multiplied by some
constant (greater than one), it cannot possibly a�ect the information contained in
the nth parameter about the class with which the input feature vector is associated.
But as this nth parameter is multiplied by larger and larger value, the variance of
this parameter will become larger, and the �rst principal component will point in
the direction of nth parameter although it may not contain any class discrimination
information.

The general form of the problem is shown in �gure 1. Suppose that the problem at
hand is two way classi�cation, and the within class distributions are Gaussians with
equal variance in a two dimensional sample space. The ellipses in the �gure represent
contours of equal probability density for the two Gaussians. The line marked PCA is
in the direction of maximum variance for each of the Gaussians. In this example it is
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Figure 1: An illustration of how PCA fails in the case of two Gaussian classes

also in the direction of the maximum variance of the mixture of the two Gaussians,
and hence in the direction of the �rst principal component. But a projection on this
line contains no class discrimination information.

One way to solve this problem is to use methods such as linear discriminant
analysis (LDA) that maximize the ratio of the overall variance to the within class
variance [4, 5]. Since any full rank linear transformation will appear both in the
numerator and the denominator of this ratio, and thus divide out, linear discrimi-
nants are invariant to any full-rank linear transformation of the input. let T be the
ensemble sum-of-squares and cross products matrix as de�ned earlier. Let W be
the average within class covariance matrix W =

PJ
j=1(Nj=N)Wj. Then the between

group variance B = T �W . Then it is desired to choose a projection y = �̂TX that

4



LDA
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Figure 2: An illustration of how LDA fails in the case of two Gaussian classes

maximizes the ratio of between group to within group variance.

�̂ = argmax�
�TB�

�TW�
(3)

It can be shown that the solution to the above equation corresponds to the right
eigenvector of W�1B or W�1T that has the largest eigenvalue. By choosing the
eigenvectors corresponding to the largest p eigenvalues, and letting yp = �̂TpX where

�̂p is a n� p matrix of eigenvectors, we can get p dimensional uncorrelated features.
The �rst linear discriminant direction is shown by the line marked LDA in �gure 1. As
one can clearly see, this indeed is the direction that maximally discriminates between
the classes.

However LDA may also fail when the within class distributions are heteroscedastic.
One such situation is depicted in �gure 2. The two classes have almost the same mean,
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but the variances are very di�erent in one direction. Due to this reason a classi�er
would perform better if a projection is taken along the direction in which the variances
are di�erent. However since LDA method pools the within group variances, it would
choose the projection marked as LDA.

At this point there is one more important issue that needs to be considered. The
choice of the optimal projection is closely tied to the classi�er model that is being
used for the subsequent classi�er design. Consider the case of �gure 2. Suppose
that Gaussian models are being used to model each class, and the class variances
are assumed to be equal for all classes. Then the classi�er performance would still
be best if the projection is chosen along the direction marked LDA. Of course this
performance would be much worse compared to the best possible performance, due
to bad modeling assumptions. However if the classi�er model allowed for unequal
variances, then the best choice of projection is di�erent.

Campbell [6] has shown that if the the variance matrices �j are assumed to be
the same for all classes (�j = �), then LDA is equivalent to imposing constraints
on the class means that they all lie in a p-dimensional subspace and then performing
maximum likelihood parameter estimation. Solution is chosen along the direction of
the canonical variates that diagonalize both the pooled within-group and the between
group variance matrices. Thus in e�ect it is assumed that a n� p dimensional linear
subspace of the feature space contains no class discrimination information and that
in the p dimensional subspace that does contain the class discrimination information,
the information is entirely in the class means, as the variances are assumed to be
equal. Therefore LDA projections are best suited for a Gaussian model classi�er that
assumes equal within class variances.

3 Maximum Likelihood Parameter Estimation

Prior probabilities in (2) are taken as the relative frequency of occurrence. Hence
the estimation problem basically reduces to the parameter estimation for the class
conditional densities. Parameters would be estimated through maximum likelihood
parameter estimation given that the classes are known for the training data. The
estimate is de�ned to be the one that maximizes the likelihood of the training samples
actually observed. Since maximizing the logarithm of a function is equivalent to
maximizing the function itself, often the logarithm of the likelihood (log-likelihood)
is maximized. Writing down in terms of the parameters the log-likelihood of the
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training data is

logP (x1; : : : ; xN) = logf
NY
i=1

P (xi;�g(i);�g(i))g (4)

=
NX
i=1

(�
1

2
(xi � �g(i))

T��1g(i)(xi � �g(i))�

1

2
log((2�)nj�g(i)j)) (5)

Here g(i) = k if xi 2 !k. Note that �j are restricted to the class of symmetric
positive de�nite matrices. Local maximum can be found by setting the derivatives of
the log-likelihood w.r.t. the parameters to zero. However we would �rst rewrite the
summation in (5) as

JX
j=1

X
g(i)=j

�
1

2
(xi � �j)

T��1j (xi � �j)�
1

2
log((2�)nj�jj) (6)

Let Nj be the number of data points in the training data that belong to the class
j (
PJ

j=1Nj = N). Then (6) can be rewritten as

�Nn

2
log 2� �

1

2

JX
j=1

2
4
0
@ X
g(i)=j

(xi � �j)
T��1j (xi � �j)

1
A�

Nj

2
log j�jj

3
5 (7)

Di�erentiation of the above expression with respect to the means and the variances
can be performed using the matrix di�erentiation results listed in Appendix A. this
leads to the equations

@

@�j
logP (fxig) =

X
g(i)=j

��1j (xi � �j) j = 1 : : : J (8)

@

@��1j
logP (fxig) =

Nj�j

2
�

1

2

X
g(i)=j

(xi � �j)(xi � �j)
T j = 1 : : : J (9)

For convenience, we shall de�ne �Xj =
1
Nj

P
g(i)=j xi, Wj =

P
g(i)=j(xi � �Xj)(xi �

�Xj)
T , �Wj = Wj=Nj, W =

PJ
j=1Wj, �W = W=N , �X = 1

N

PN
i=1 xi, T =

PN
i=1(xi �

�X)(xi � �X)T , �T = T=N and B = T �W =
PJ

j=1Nj( �Xj � �X)( �Xj � �X)T .
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By setting the derivatives equal to zero, these equations can be easily solved to
yield the estimates of �j and �j as

�̂j = �Xj j = 1 : : : J (10)

�̂j =
Wj

Nj

j = 1 : : : J (11)

Since the maximum likelihood values of the parameters have been computed, they
can be used in (2) for the classi�cation decision. In the case where feature dimension
is reduced (for example by using methods in section 2), the parameters are estimated
for the reduced data.

4 Generalizations of LDA

As mentioned in section 2, LDA assumes the within-class variances to be equal. How-
ever it is not necessary to assume all the within class variances to be the same. In
the this section I present a generalization of LDA that can handle heteroscedastic
distributions by dropping the equal variance assumptions. Due to computational
simplicity, within class variances are often assumed to be diagonal. This is especially
true in the case of speech recognition using hidden Markov models. Therefore the
optimal projections for this case have also been considered. However due to increased
complexity of the problem, eigen-analysis is not su�cient, and other numerical tech-
niques have to be used to �nd the optimal projections. It has been shown that the
objective function can be greatly simpli�ed to speed up the numerical optimization.

Let � be a non-singular linear transformation that transforms the data variables
x into new variables y. The purpose of introducing the linear transform is to allow
us to impose certain constraints on the means and the variances in order to simplify
the statistical model. We would like these constraints to be not too restrictive, and
at the same time allow us some reduction in the recognizer complexity. One such
constraint is to assume that the means lie in a p-dimensional subspace. If the within
class variances are assumed to be equal, then the assumption is equivalent that all
the discrimination information is contained in a p dimensional linear subspace of the
n dimensional feature space, and the remaining n� p dimensional subspace may be
ignored. We also choose the full rank linear transformation � such that the �rst p
columns of � span the same p-dimensional sub-space. Since � allows for rotations, the
constraints on the mean are not too restrictive. For the sake of notational convenience
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we would partition the parameter space of the means �j, variances �j and the linear
transformation � as follows:

�j =

2
66666666664

�j;1
...

�j;p
�0;p+1
...

�0;n

3
77777777775
=

"
�pj

0n�p�1

#
+

"
0p�1
�0

#
(12)

�j =

"
�p
j(p�p) �j(p�n�p)

�j(n�p�p) �
(n�p)
j(n�p�n�p)

#
(13)

� = [�p�n�p] =
h
~�1 : : : ~�n

i
(14)

where �0 is the common term in all the means (�rst p entries are zero), and �pj
are di�erent for each class (last n� p entries are zero). �j have also been partitioned
in the corresponding manner. The �rst p columns of theta are written as �p and the

remaining as �n�p or as ~�k to denote the k'th column.
Then the log-likelihood of the data under the linear transformation and Gaussian

model assumption is

�Nn

2
log 2�+N log j�j�

1

2

JX
j=1

0
@ X
g(i)=j

(�Txi � �j)
T��1j (�Txi � �j)

1
A�Nj

2
log j�jj (15)

Constraints will now be placed on the variances �j and the means �j, so that the
best discriminant projections are obtained for the models we wish to consider.

4.1 � constrained to diagonal

Suppose we assume the following. �j(p�n�p) is zero; and �
(n�p)
j = �(n�p) 8j; and �p

j

and �(n�p) are diagonal matrices such that �j = Diag(�1j : : : �
p
j �

p+1 : : : �n). These
assumptions in e�ect are that the discrimination information lies entirely in a p-
dimensional subspace, and is contained both in the value of the class means, and
the variances (but the co-variance matrix is diagonal). Then in terms of the matrix
partitions above the log-likelihood of the data can be written as
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logPD(fxig) =
�Nn

2
log 2� +N log j�j �

N

2

nX
k=p+1

log j�kj

�
JX

j=1

Nj

2

pX
k=1

log j�kj j �
1

2

JX
j=1

X
g(i)=j

pX
k=1

(~�Tk xi � �j;k)
2

�kj

+
1

2

JX
j=1

X
g(i)=j

nX
k=p+1

(~�Tk xi � �0;k)
2

�k
(16)

To �nd a maxima, we would di�erentiate the above expression w.r.t. the various
parameters.

@

@�pj
logPD(fxig) = �

X
g(i)=j

(�p
j)
�1(�Tp xi � �pj)

j = 1 : : : J (17)

@

@�0
logPD(fxig) = �

NX
i=1

(�n�p)�1(�Tn�pxi � �0) (18)

@

@�kj
logPD(fxig) = �

Nj

2�kj
+

X
g(i)=j

(~�Tk xi � �j;k)
2

2(�kj )
2

j = 1 : : : J; k = 1 : : : p (19)

@

@�k
logPD(fxig) = �

N

2�k
+

NX
i=1

(~�Tk xi � �0;k)
2

2(�k)2

k = p+ 1 : : : n (20)

@

@�
logPD(fxig) = N��T +

JX
j=1

X
g(i)=j

�xix
T
i ��

�1
j

+
JX

j=1

X
g(i)=j

1

2
xi�

T
j �

�1
j +

1

2
��1j �jx

T
i (21)

Setting the derivatives equal to zero and solving for the values of �j and �j gives
the following.

�pj = �Tp �Xj (22)
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�0 = �Tn�p �X (23)

�p
j = Diag(�Tp �Wj�p) j = 1 : : : J (24)

�n�p = Diag(�Tn�p �T�n�p) (25)

Note that the �'s can be calculated if � is known, and �'s if �'s are known.
Therefore, we would �rst like to solve for �. Substituting values of all the maximized
parameters except � gives the likelihood of the data as

logPD;�(fxig) =
�Nn

2
log 2� �

N

2
log jDiag(�Tn�p �T�n�p)j �

JX
j=1

Nj

2
log jDiag(�Tp �Wj�p)j

�
1

2

JX
j=1

X
g(i)=j

((xi � �Xj)
T �pDiag(�

T
p
�Wj�p)

�1�Tp (xi � �Xj))

�
1

2

JX
j=1

X
g(i)=j

((xi � �X)T �n�pDiag(�
T
n�p

�T�n�p)
�1�Tn�p(xi � �X))

+N log j�j (26)

The maximum likelihood estimate for � can now be found by maximizing the above
likelihood numerically. Finding a numerical solution for � is discussed in section 4.4.
However before we discuss how to obtain a numerical solution that maximizes (26) it
is possible to make certain observations about the nature of the linear transformation
� that maximizes the likelihood.

Note that from (21)

@

@�
logPD(fxig)

�T

N
= In �

JX
j=1

Nj

N
( �Wj + �Xj

�Xj
T
)���1j �T +

JX
j=1

Nj

2N
( �Xj�

T
j �

�1
j + ��1j �j �Xj

T
)�T (27)

To solve for � at the extremums the values of �j and �j from (22, 23, 24, 25)
are now substituted in (27) and the result equated to zero. Since �j have been
partitioned into four parts, the resulting implicit equations for � are best written by
dividing them into the following four equations.

Ip =
JX

j=1

Nj

N
�TpWj�p(Diag(�

T
pWj�p))

�1 (28)
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0 =
JX

j=1

Nj

N
�Tn�pWj�p(Diag(�

T
pWj�p))

�1 (29)

In�p = �n�pT�n�p(Diag(�
T
n�pT�n�p))

�1 (30)

0 = �pT�n�p(Diag(�
T
n�pT�n�p))

�1 (31)

Since multiplying by the inverse of the diagonal entries corresponds to normalizing
the diagonal entries of a matrix, (30) means that �n�pT�n�p is a diagonal matrix.
Also (31) simply means �pT�n�p = 0. Equations (28) and (25) are more di�cult to
interpret, due to summation. However an analogy could be drawn by considering the
case when �j are all assumed to be equal. This leads to the very well known case
that has the Fisher-Rao LDA as a solution.

4.2 �'s constrained to be equal

If we additionally require that �j = � 8j the equations (24), (28) and (29), would
change to the following

�p =
1

N
Diag(�TpW�p) (32)

Ip = �TpW�p(Diag(�
T
pW�p))

�1 (33)

0 = �Tn�pW�p(Diag(�
T
pW�p))

�1 (34)

Suppose we know some real �̂ such that both �̂TT �̂ and �̂TW�̂ are diagonal matri-
ces. Under our usual notation let �̂p denote the �rst p columns and so on. Then such

a �̂ is solution to the equations (33) and (34). This kind of �̂ is called the generalized
eigenvector of the matrices T and W and correspond to the well known Fisher-Rao
LDA solution. However the constraints above require only �TpW�p to be diagonal.
�Tn�pW�n�p may not necessarily be diagonal and (30), (31), (33) and (34) may still be
satis�ed. Similar argument holds for �Tp T�p. Hence one can conclude that the choice
of � is not unique. It is reasonable indeed, because given any projection �p, any full
rank linear transform of �p is also an equally good projection.

Also note that eigenvectors are usually scaled to have the same norm. There
is nothing in the above equations that would restrict the columns of � to have the
same norm. Therefore for numerical reasons it is desirable to �x the columns of �
to have the same norm when solving for the maximum likelihood solution. Note
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that the equations above do give any hints as to what portion of the columns of �
becomes �p, and and any such combination is an acceptable solution. Since it is known
that the likelihood is maximized when those columns of � that correspond to larger
eigenvalues of W�1B form �p, it is reasonable to assume that the other solutions are
saddle points of the likelihood surface. Also, as would also be demonstrated through
numerical examples, there are other solutions to the above equations that give the
same value for the maximum likelihood as the generalized eigenvectors.

To get a numerical solution for �̂, the estimated values of �j and � are substituted
in (16) to get the log-likelihood of the data in terms of � as

logPE;�(fxig) =
�Nn

2
log 2� +

N

2
log jDiag(�Tn�p �T�n�p)j+

N

2
log jDiag(�Tp �W�p)j

�
1

2

JX
j=1

X
g(i)=j

((xi � �Xj)
T �pDiag(�

T
p
�W�p)

�1�Tp (xi � �Xj))

�
1

2

JX
j=1

X
g(i)=j

((xi � �X)T �n�pDiag(�
T
n�p

�T�n�p)
�1�Tn�p(xi � �Xj))

�N log j�j (35)

This likelihood can be maximized with respect to �.

4.3 �j unequal

The constraint or the model assumption that the �'s be diagonal is very useful from
the practical point of view, because then matrix inversion can be replaced by simple
division. However under certain circumstances it may be desirable to model the data
as having full variance-covariance matrices that are not simultaneously diagonalizable.
In that case, the basic problem can be re-formulated as in the previous section, but
with dropping o� the assumption that �p

j and �(n�p) are diagonal matrices. Then
log-likelihood of the data can be written as

logPU(xi) =
�Nn

2
log 2� +

N

2
log j�n�pj+

JX
j=1

Nj

2
log j�p

j j+N log j�j

�
1

2

JX
j=1

X
g(i)=j

(�Tp xi � �pj)
T (�p

j)
�1(�Tp xi � �pj) +
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(�Tn�pxi � �0)
T (�n�p)�1(�Tn�pxi � �0) (36)

Again we would di�erentiate the above expression w.r.t. the various parameters.

@

@�pj
logPU(fxig) = �

X
g(i)=j

(�p
j)
�1(�Tp xi � �pj) j = 1 : : : J (37)

@

@�0
logPU(fxig) = �

NX
i=1

(�n�p)�1(�Tn�pxi � �0) (38)

@

@(�p
j )
�1

logPU(fxig) = Nj�
p
j �

X
g(i)=j

(�Tp xi � �pj)(�
T
p xi � �pj)

T

j = 1 : : : J (39)

@

@(�n�p)�1
logPU(fxig) = N�n�p �

NX
i=1

(�Tn�pxi � �n�p)(�Tn�pxi � �n�p)T (40)

@

@�Tp
logPU(fxig) =

JX
j=1

X
g(i)=j

(�p
j)
�1(�Tp xix

T
i � �pjx

T
i )� (��T )p (41)

@

@�Tn�p
logPU(fxig) =

NX
i=1

(�n�p)�1(�Tn�pxix
T
i � �0x

T
i )� (��T )n�p (42)

(43)

Setting these derivatives to zero and solving for �j and �j gives the following.

�pj = �Tp
�Xj (44)

�0 = �Tn�p �X (45)

�p
j =

1

Nj

(�TpWj�p) j = 1 : : : J (46)

�n�p =
1

N
�Tn�pT�n�p (47)

(48)

Substituting the values of the these parameters in (36) gives the likelihood of the
data in terms of � as
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logPU;�(fxig) =
�Nn

2
log 2� �

N

2
log j(�Tn�p �T�n�p)j �

JX
j=1

Nj

2
log j(�Tp �Wj�p)j

�
1

2

JX
j=1

X
g(i)=j

((xi � �Xj)
T �p(�

T
p
�Wj�p)

�1�Tp (xi � �Xj))

�
1

2

JX
j=1

X
g(i)=j

((xi � �X)T �n�p(�
T
n�p

�T�n�p)
�1�Tn�p(xi � �X))

+N log j�j (49)

This expression can now be maximized to get the maximum likelihood solution
for �. To make some general observations about the nature of �, substitute the values
of �j and �j in the equations (41) and (42) to get the following equations:

Ip =
JX

j=1

Nj

N
�pWj�p(�

T
pWj�p)

�1 (50)

0 =
JX

j=1

Nj

N
�n�pWj�p(�

T
pWj�p)

�1 (51)

In�p = �n�pT�n�p(�
T
n�pT�n�p)

�1 (52)

0 = �pT�n�p(�
T
n�pT�n�p)

�1 (53)

Equations (50) and (52) are obviously redundant. The other two equations indi-
cate the constraints that the full rank linear transform � will have to satisfy.

4.4 Numerical Solution for �

From the previous discussion it is clear that once � is known, there are closed form
expression for both the means �j and the variances �j. However there is no closed
form expression for � based on the data. Therefor on has to use numerical methods
for �nding �. For that purpose one could try to use the general methods for solving
non-linear equations like (28), (29), (30), and (31). However as noted earlier, such a
solution may not necessarily correspond the the global maximum likelihood solution.
Therefore it is better to explicitly optimize the log-likelihood of the data. The num-
ber of optimization parameter is greatly reduced by eliminating the mean and the
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variance. This is done by replacing them with their respective maximum likelihood
estimates given � as in equations (26),(35) and (49). This section explains how the
evaluation of the log-likelihood function can be further simpli�ed in order to reduce
the expense of numerical optimization.

Proposition 1 Let F be any full rank n by n matrix. let t be any n by p rank p
matrix (p < n). Then Trace (t(tTFt)�1tTF ) = p

Proof: Let A = t(tTFt)�1tTF . tTFt is rank p, and hence A is rank p. Therefore
n � p eigenvalues of A are zero. Now At = t. Since t is rank p, this means that the
remaining p eigenvalues of A are exactly 1. Since trace of a matrix is equal to the
sum of the eigenvalues, hence the claim. Proof:

Proposition 2 Let F be any full rank n by n matrix. let t be any n by p matrix with
nonzero columns (p < n). Then Trace (t(Diag(tTFt))�1tTF ) = p

Proof: Let A = Trace (t(Diag(tTFt))�1tTF ) = p. Let us denote columns of t by
ti (t = [t1 : : : tp]). Then

A = Trace

 
pX

i=1

ti(t
T
i Fti)

�1tTi F

!
(54)

=
pX

i=1

Trace
�
ti(t

T
i Fti)

�1tTi F
�

(55)

Now from preposition 1, it follows that Trace ti(t
T
i Fti)

�1tTi F = 1. Hence preposition 2
follows.

Proposition 3

logPU;�(fxig) = �
N

2
log j(�Tn�p �T�n�p)j �

JX
j=1

Nj

2
log j(�Tp �Wj�p)j

+N log j�j �
Nn

2
(1 + log 2�) (56)
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Proof: It can be easily veri�ed that

1

2

JX
j=1

X
g(i)=j

((xi � �Xj)
T �p(�

T
pWj�p)

�1�Tp (xi � �Xj))

=
1

2

JX
j=1

Trace (�p(�
T
p
�Wj�p)

�1�TpWj)

=
JX

j=1

Nj

2
Trace (�p(�

T
p
�Wj�p)

�1�Tp �Wj) (57)

which from preposition 1 is equal to

JX
j=1

Njp

2
=

Np

2
(58)

Similarly it follows that

1

2

JX
j=1

X
g(i)=j

((xi � �X)T �n�p(�
T
n�p

�T�n�p)
�1�Tn�p(xi � �Xj)) =

N(n� p)

2
(59)

Hence the claim follows from (49).

Proposition 4

logPD;�(fxig) =
N

2
log jDiag(�Tn�p �T�n�p)j �

JX
j=1

Nj

2
log jDiag(�Tp �Wj�p)j

�
Nn

2
(1 + log 2�) +N log j�j (60)

Proof: Using preposition 2 it follows that:

1

2

JX
j=1

X
g(i)=j

((xi � �Xj)
T�pDiag(�

T
p
�Wj�p)

�1�Tp (xi � �Xj))

=
1

2

JX
j=1

Trace (�pDiag(�
T
p
�Wj�p)

�1�TpWj) (61)

=
Np

2
(62)
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Figure 3: Optimal Projection of a �ve dimensional data with four classes to a two
dimensional subspace. Variances are assumed to be equal.

Similarly

�
1

2

JX
j=1

X
g(i)=j

((xi � �X)T �n�pDiag(�
T
n�p

�T�n�p)
�1�Tn�p(xi � �X))

=
N(n� p)

2
(63)

Hence the claim follows from (26).

Proposition 5

logPE;�(fxig) =
N

2
log jDiag(�Tn�p �T�n�p)j+

N

2
log jDiag(�Tp �W�p)j

�
Nn

2
(1 + log 2�)�N log j�j (64)
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Figure 4: Optimal Projection of a �ve dimensional data with four classes to a two
dimensional subspace. Variances are assumed to be diagonal and unequal.

Proof: The proof is very similar to the ones above and hence omitted.
The expressions in prepositions 3, 4 or 5 can be maximized to �nd the best

projections for the case of interest. In a practical implementation, the entire likelihood
function is normalized by N . For numerical stability norm of � is also constrained.

To demonstrate the generalizations, �ve dimensional random data has been gen-
erated for four classes with Gaussian distribution for each class. The means vectors
and the variance matrices for each of the classes is also randomly generated using
a random number generator. The results of implementation are shown in �gures 3,
4 and 5. The optimization was performed using the standard MATLAB optimiza-
tion toolbox. Since the optimization has to be performed iteratively, it is useful to
�rst �nd the linear discriminants, and use those as the inital guess. The analytical
derivatives are supplied explicitly.
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Figure 5: Optimal Projection of a �ve dimensional data with four classes to a two
dimensional subspace. Variances are assumed to be unequal.

Some interesting observations can be made from these projections. Note that two
of the four classes signi�cantly overlap in the case where variances are assumed to
be equal 3. In the projections shown in �gures 4 and 5, this overlap has signi�cantly
reduced. Also note that in the case of LDA (�gure 3), the within class variances
do not appear to be too much di�erent. Hence one may be tempted to incorrectly
conclude that assuming equal variances is not a very bad assumption. However
such a thought ma not arise in the mind of a person looking at �gure 5. When the
variance along the discriminating projections are constrained to be diagonal (�gure 4)
a projection is indeed found for which the major and the minor axis of the within
class distributions are almost parallel to the horizontal and the vertical axis. Finding
a linear transformation that would make all the within-group co-variance matrices
diagonal is in general is impossible when the number of groups is more than two.
However since the columns of � are not constrained to be orthogonal, it has been
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possible to �nd a transformation for which the within-group co-variance matrices are
as close to diagonal as possible.

5 On choice of the model class and order

Under certain circumstances there may be compelling reasons to believe that the
underlying probability densities are Gaussian. However more often than not, the
assumption is made due to the lack of any other better assumption. However the
system designer well understands that Gaussian distributions span only a small subset
of the set of all probability density functions. If the true probability measure does
not belong to the class of Gaussian distributions, then even with in�nite amount of
training data, we may not hope to achieve the minimum probability of error that one
would achieve if the true underlying probability measure were known. The reason is
that we are always biased towards the assumption of a Gaussian distribution, while
the true distribution is not Gaussian. Hence our classi�er is only approximate.
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Figure 6: Two group classi�cation problem: di�erent means and only slightly di�er-
ent variances

Now consider the other extreme. Suppose the true distribution is Gaussian. Only
the parameters are unknown. Now if we had in�nite amount of training data, then
we could get the correct parameters with probability one. However the amount of
training data is �nite. Hence our estimates have a variance about the true estimate.
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Now suppose we consider an even more restricted class of probability measures, for
example in which variance of all the all the classes are the same, (although the means
are di�erent). This class of distributions is a proper subset of the case considered
in the previous paragraph. It can easily be shown that the maximum likelihood
estimators for the means and the variance for this class are given as

�j = �Xj j = 1 : : : J (65)

� =
W

N
(66)

This new estimate of � depends on more data, and hence has lesser variance
compared to the original individual estimates of variances. However since we are now
constrained to a smaller class of probability distributions the bias in the distribution
function is larger. If the advantage gained in terms of reduced variance outweighs the
disadvantage due to increased bias, on an average, we would expect the recognition
performance to improve.
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Figure 7: Classi�cation performance for the two models versus ratio of the actual
variance of the classes
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For example consider �gure 6. The problem depicted is to classify between two
classes that have di�erent means, and slightly di�erent variances. In this example we
would assume that only 50 training samples are available for each group. Then one
could ask the question that how di�erent should the two within-group variances (�1
and �2) should be so that it is still reasonable to assume the equal variance model.
Figure 7 plots the classi�cation performance of the models trained on 50 training
samples versus the ratio of the two variances. The vertical bars denote the variance
in the classi�cation performance. To minimize the testing data in
uences in this
monte-carlo simulation, each experiment used ten thousand test data points. The
whole experiment was repeated ten thousand times to estimate the mean classi�ca-
tion performance and the variance in the classi�cation performance. The two curves
correspond to two possible models - �rst in which variances are assumed to be equal,
and second in which variances are assumed to be unequal.

Two important observations can be made from this plot. First that the average
classi�cation performance is better for the model that assumes equal variances as
compared to the one that does not, even when the actual variances may be more
than one-and-a-half times di�erent. Of course if more training data is available, then
the estimates would be better, and equal variance assumption may no longer be the
best choice. Second, that if one were to make a rule for selecting a model, such a
rule would be good only in a probabilistic sense, i.e. only the expected classi�cation
performance may be improved.

Similar concerns govern the choice of p - the dimensionality of the subspace which
is assumed to have the discrimination information. In this case a smaller value of
p covers a class probability measures that are a subset of those covered by a larger
value of p. Hence a maximum likelihood criterion to choose between di�erent p would
invariably lead to the largest possible value of p, which is obviously incorrect. The
problem of estimating the dimension of a model has been studied, and extensions of
the maximum likelihood principle have been proposed that correspond to construct-
ing a modi�ed likelihood function that includes a term depending on the number of
free parameters in the model. One such method is suggested by Akaike [7] for the
slightly more general problem of choosing among di�erent types of models with dif-
ferent number of parameters. His suggestion amounts to maximizing the likelihood
function separately for each model 
, obtaining the likelihood Lj(x1; : : : ; xn), and
then choosing the model for which logLj(x1; : : : ; xn) � kj is largest, where kj is the
number of parameters in the model. Rissanen [8] has suggested an alternate criterion
(MDL) where logLj(x1; : : : ; xn)�kj=2 logn is maximized, where n is the sample size.
It has been argued that Akaike criterion does not have good asymptotic properties [9].
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When all the variance matrices are assumed to be equal, the free parameters
are �pj (total of Jp for all classes), �

(n�p)
0 (total n � p). Since the variance matrix is

symmetric, it has only n(n+1)=2 free parameters. Alternately one could use the linear
transformation matrix � to diagonalize the variance matrix. Then one would associate
n free parameters with the diagonal variance matrix, and the remaining n(n � 1)=2
free parameters with the linear transformation �. Thus the total number of free
parameters is Jp+(n� p) + n(n+1)=2. Similarly when the variance matrices in the
discriminating subspace are assumed to be diagonal, the number of free parameters
can be written as Jp+(n�p) + Jp+(n�p) + n(n�1)=2 = 2�(Jp+(n�p))+n(n�1)=2,
and when the discriminating variance matrices are assumes to full, the number of free
parameters is Jp + (n� p) + Jp(p + 1)=2 + (n� p) + n(n � 1)=2). These values for
the number of free parameters can be used with the modi�ed likelihood criterion to
choose between the three class of models, and the order p.
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Figure 8: Classi�cation performance for the model selected by MDL criterion versus
ratio of the actual variance of the classes

MDL criterion has been applied to the example of two classes described above.
The performance is measured for the model selected by using the MDL criterion,
and the corresponding parameters for that model. Figure 8 displays the performance
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obtained using this criterion. The error bars display the variance in performance
for repeated experiments. The dotted lines are the performance curves for the two
models, and the dark line indicates the performance when the model is assumed to
be unknown and MLD criterion is used choose between the two models. As can be
seen, the average performance is close to the best possible performance if the correct
model choice was known a-priori.

a44

S1 S2 S3 S4

a11 a12
a22 a23

a33 a34

P1(Of) P2(Of) P3(Of) P4(Of)
Figure 9: Example of a hidden Markov model

6 Extension to Hidden Markov Models

The maximum likelihood framework of feature dimension reduction can be general-
ized to hidden Markov models (HMM) [10]. Such a formulation would be useful for
a data o1; : : : ; ot which is time-series of vectors. To distinguish from the iid obser-
vations x we will denote the time-series by O, O = o1; : : : ; oT , where T is the index
of �nal time-step. Initial state is assumed to be 1, and �nal state assumed to be N.
Fig. 9 shows an example of a HMM. It consists of a collection of states fSjg. At a
discrete time step, the model can make a transition from state Si to state Sj based on
the transition probability aij. When any state Sj is entered, a n-dimensional feature
vector is emitted, based on an underlying distribution Pj(O) which can be assumed
as Gaussian with the assumption that there is a n� p dimensional linear subspace in
which Pj(O) are exactly the same for all the states Sj. The observations are now se-
quences of vectors, and each sequence can be assumed to be independent of the other.
Without loss of generality, we will assume that the initial state, and the �nal state are
�xed and known. Then such a HMM is completely speci�ed by the state transition

25



probability matrix A = [aij], and the state probability distributions fPj(O)g which
are in turn speci�ed by the set f�; �0; �

p
j ;�

p
j ;�

(n�p)g. To �nd a maximum-likelihood
estimate of the HMM parameters, can be found by embedding the optimization for �
in the maximization step of the E-M algorithm [11, 12]. In particular, for the models
discussed in section 4, the parameters to be estimated are f�; �j;�jg. Now there
are additional parameters to be estimated, namely ai;j the transition probabilities
from state i to state j. If the state transition sequence were known for the observed
data, then it would be very easy to estimate the transition probabilities. Since the
state transition sequence is not known, it is termed as \missing data". The expanded
set of parameters is estimated in an iterative manner. An initial guess of the model
parameters is assumed. The expected value of probabilities of being in a particular
state at each time step (missing data) are estimated on the basis of the training data,
and assuming that fai;j; �; �j;�jg are known. This is the expectation step. Then
fai;j:�; �j;�jg are re-estimated so as to maximize the likelihood of the training data
plus the transition probabilities. This is the maximization step.

The expected value of the transitions at any time is calculated using the forward-
backward algorithm [11]. Let the forward probability �j(t) for some model M be
de�ned as

�j(t) = P (o1; : : : ; ot; s(t) = jjM) (67)

That is, the joint probability of observing the �rst t speech vectors and being in
the state j at time t. This forward probability is e�ciently calculated by the recursion

�j(t) =

" X
i=all states

�i(t� 1)aij

#
bj(ot) (68)

The backward probability is de�ned as

�i(t) = P (ot+1; : : : ; oT js(t) = j;M) (69)

This backward probability can again be e�ciently computed by the backward
recursion

�i(t) =
X

j=all states

aijbj(ot+1)�j(t + 1) (70)

Then based on the forward and backward probabilities,

�j(t)�j(t) = P (O; s(t) = jjM) (71)
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Now the probability of being in state i at time t and state j at time t+ 1 can be
written as

P (s(t) = i; s(t + 1) = j; jO;M) = P (s(t) = i; s(t+ 1) = j; OjM)=P (OjM)(72)

= �i(t)aijbj(ot+1)�j(t + 1)=P (OjM) (73)

=

PT
t=1 �i(t)aijbj(ot+1)�j(t + 1)PT

t=1 �i(t)�i(t)
(74)

And the likelihood of being in state j at time t is

Lj(t) = P (s(t) = jjO;M)

=
P (O; s(t) = jjM)

P (OjM)

=
�j(t)�j(t)

P (OjM)
(75)

The normalizing constant P (OjM) satis�es the condition
P

all states Lj(t) = 1 and it
can be shown that P (OjM) = �N (T ).

Once the likelihood of being in any state is known, the weighted means and sum
of square products are calculated as

Nj =
X
t=1

TLj(t) (76)

N =
X

all states

Nj = T (77)

�Nj =
Nj

N
(78)

�Xj =

PT
t=1 ot
N

(79)

�X =

PT
t=1 Lj(t)ot
Nj

(80)

�Wj =
TX
t=1

Lj(t)

Nj

(ot � �Xj)(ot � �Xj)
T (81)

�W =
X

all states

�Nj
�Wj (82)

�T =
TX
t=1

1

N
(ot � �X)(ot � �X)T (83)
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The above statistic can then be used to perform the constrained optimization
of section 4 to �nd �; �0;�

(n�p) and f�pj ;�
p
jg8Sj. This procedure is repeated until

convergence.
It is straightforward to prove that this algorithm is indeed EM is straightforward.

Along the formulation in [11] we �rst note that calculating Lj(t) is indeed the ex-
pectation step. Second step is to note that if the probability of being in a particular
state at any time Lj(t) is known then the likelihood of the data is indeed maximized
by estimating the parameters �j and �j in the manner described above.

Note that mixture models are a special case of HMM's, that contain non-emitting
initial and �nal states, and as many additional states (K) as there are mixtures in
the model. Transition probability from the initial state to a \mixture" state is a1j
(
PK

j=1 a1j = 1). Each of the mixture states makes a non-emitting transition into the
�nal state. Due to this analogy, the above generalization holds for mixture models
as well.

Appendix A

Here we list some matrix di�erentiation results. Consider this simple example. Sup-
pose

y = XTAX (84)

here X is a n�1 vector, and A is a n�n matrix. Suppose we wish to di�erentiate
y with respect to X. It means that we want to evaluate the partial derivative of
y with to each element of X. Then instead of enumerating each of the derivatives
individually, it's more convenient to de�ne a matrix notation where

@y

@X
�

2
664

@y

@x1
...
@y

@xN

3
775 (85)

Then by performing a term by term di�erentiation it can be shown that

@

@X
XTAX = (A+ AT )X (86)

This is true even when X is an arbitrary matrix. Similarly @y

@A
would be a n � n

matrix in which the ij'th entry would be @y

@aij
.
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@

@A
XTAX = XXT (87)

Now that the basic technique has been understood, I would state without proof,
a list of matrix di�erentiation results. These results can also be found in references
like [13].

@

@A
xTCTACy = ACyxT + ATCxyT (88)

@

@A
XTA�1X = �A�1XXTA�1

@

@A
trA = I (89)

@

@A
jAj = jAj(AT )�1 (90)

@

@A
log jAj = (AT )�1 (91)

@

@A
log jA�1j = �(AT )�1

(92)
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