Fun with Graphical Models and Automatic SpeechRecognition:
Solutions
JHU 2006Workshop Summer School,Friday July 7

Part I. Warm-up Exercises

A Simple BayesianNetwork

Question1-Q3 referto thefollowing Bayesiametwork:

Q1: Write downthefactoredform of thejoint probability p(X1; X»; X3; X4; Xs5) representedy this
graph. (Note: Thisshouldtake youabout5 seconds.)

Solution: p(X1; X2; Xa; X4; X5) = P(X1)P(X2JX1; X4)P(X3) P(X4JX3) P(X5]X2; X4)

Q2: LetthenotationA ? B indicatethatthe variable A is independenbf the variable B, and
let A ? BjC indicatethat A is independentf B giventhe variable C. For eat of the
following independenciestatewhetheror notit is implied by the above graph,andbrie y
explainwhyusingthe Bayesball algorithm. If theindependencis notimpliedby thegraph,
it sufces to giveasexplanationonepaththattheball couldfollow.

(@ X1? X4

Solution: True. Therearetwo pathsfrom X to X4. The rst, X1 ! X, I Xy, is
blocked at X , sinceboth arrons pointto X, and X, is hidden. The second X ; !
X1 Xg! Xy, isblockedatX s, for the samereason(We could,of course equva-
lently considemathsfrom X 4 to X ;.)

(b) X1 ? X4jXs

Solution: False.ThepathX;! X, ! Xsg! Xg4isnolongerblockedsinceXs is
obsenred.



(C) X37? X5

Solution: False.Both pathsfrom X3 to X5, X3! X4! XgandXz! Xz! X!
Xs, areopen.

(d) X37? XsjX;,

Solution: False.ThepathX3! X4;! X,! Xsgisnow blockedatX ,, but the path
X3! X4! Xsisunafected.

Solution: 12 parameterareneededTo representhe PMF of a binaryvariableX , we
needoneparametereitherPr(X = 0) or Pr(X = 1), sincetheothervalueis given
by Pr(X = 0)+ Pr(X = 1) = 1. So,the numberof parameterseededor eachof
the termsof the productin Q1 is: 1 for p(x1); 4 for p(X»jX1; X4) (1 for eachof the 22
possiblecombinationf X1; X4); 1 for p(x3); 2 for p(x4jXs); and4 for p(XsjX2; X4).

(b) How manyparametes would be required if there were an additional edge from X ; to
Xs5?

Solution: 16 parametersvould be needed.With this edgeadded thelasttermin the
factorizatiorwouldbecomep(xsjX1; X2; X4), whichrequiresB parameterspnefor each
of the 2° possiblecombinationf x1; X»; X4.

(c) How manyparametes would be required if we had no informationaboutthe indepen-
dencerelationshipsamongthe variables? Also, draw two Bayesiametworksfor the

thoseprobabilitieswith thelastonebeinggivenby therequirementhatthe probabili-
tiessumto 1.

Equivalently, we cancomeup with differentfactorization®f thedistribution, by apply-
ing thechainrule of probabilityto any orderingof thevariablesandaddup thenumber
of parametergequiredfor eachterm. For example for theorderingf X 1; X»; X3; X4; X50,

we canfactorthejoint probabilityinto:

P(X1; X2; X3; Xa; X5) = P(X1)P(X2)X1) P(X3]X2; X1) P(XajX3; X2; X1) P(X5]X4; X35 X2; X1)

You cancon rm thataddingup thenumbersof parameterseededor thetermsin this
factorizationalsogives31. The BN correspondingo this factorizationis:



Additional factorizationsand correspondinddNs canbe obtainedby consideringdif-
ferentpermutation®f thevariables.

Q4: (Thisquestiondoesnot relateto the gure.) By de nition, the graph of a BN musthaveno
directedcycles. We can start to seewhy this is neededby consideringwhatwould happen
if weremaovedthis restrictionandlooking at somegraphsthat do containcycles.Give one
exampleof a graph that containsa directedcycle and showmathematicallythat trying
to interpret it using Bayesiannetwork semanticsof probability factorizationresultsin a
contradiction.

Solution: Considerthefollowing graph,which containsa directedcycle:

If we pretendthatthisis a BN andtry to factorp(xy; X,) usingBN semanticsaccordingto
this graph,we obtain

P(X1jX2) P(X2jX1)
P(X1;X2) P(X1;X2)
p(x2)  p(X1)

P(X1; X2)

Rearranginderms,we obtain

P(X1; X2) = p(X1)p(X2);

i.e., X1 andX, areindependentor ary distribution satisfyingthe graph. This is a contra-
diction sincetheedgesn thegraph,if they areto meananythingatall, would imply thatX ;
andX , arenot,in generaljndependent.

A Dynamic BayesianNetwork

Questions5-Q8 refer to the dynamicBayesiannetwork (DBN) belov and Tables1-3in the
assignmenhandout.
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Assumehat,in eachframe,Q; is discretewith cardinality4, X ; is continuousandone-dimensional,
andp(x;jg) is amixtureof upto My Gaussians,e.

¥a
p(XIJq) = Wm;qi N (Xi; m;qi; r%];qi) (1)

m=1

Q5: Supposehis DBN is “unrolled” outto 3 frames(i.e. N = 2). Write downthe factored
expressionfor p(Xo; X1; X2; Go; Gh; Gp) representedy this graph.

Solution: If N = 2, thegraphbecomes:

]

& ®» ®

andtheresultingfactorizations:

P(Xo; X1; X2; Gp; C; G) = P(Ch) P(X0]jCh) P(Chj o) P(X1j ) P( ) ) P(X2) )

Q6: ThisDBN representsa hiddenMarkov model. For ead of the conditionalprobability tables
in Tables1-3,drawthe statetransitiondiagramfor the HMM to which it corresponds.

Solution: For Tablel, the statetransitiondiagramis:



For Table2:

Q7: Foroneofthetablesabove thereis a simplerDBNthatcouldrepresenthesamedistribution.
Whidh tableis it, andwhatwouldthe simpli ed DBN look likein that case?

Solution: In the caseof Tablel, Q; is independenof Q; 1, sothe DBN canbesimpli ed
to:



Q8: Recallthat the observationvariablesin this DBN haveGaussiammixture distributionscon-
ditioned on the state Supposewne wantedto implementthis modelunder the constrint
that continuousvariables can only have Gaussiandistributions (i.e., mixtures of Gaus-
siansare not possible). Describehow we can still representthe samejoint distribution

able (and all the necessarylependencies)Draw the resultingmodi ed DBN, and specify
the cardinality of the new variable its local probability function,and the local probability
functionsof anychildrenit has,in termsof quantitiesalreadyde ned.

Solution: Themodi ed DBN is:

Q. "y
oINS
o o

The new variable,C;, representshe mixture componenthat the obsenation X; is dravn
from attime i. The cardinalityof C; is max,(My), whereq rangesover all valuesof Q;
(themax is neededbecausalifferentstatesmay have differentnumbersof mixture compo-

nents,so C;'s cardinalityneedgo belarge enoughto accommodatall of them). Thelocal
probabilityof C; is givenby

i = Wei g » 1 ¢ MQi
p(ciia) 0; otherwise

Thenew local probabilityof X is now givenby

P(XijG;g) = N(Xi; g é;qi)

is thesameasbeforeby computingp(x;jqg) via

X
p(xijg) = p(xijc;q)p(cia);

]

wherec; rangesover all of its possiblevalues.

Part Il: Using GMTK for SpeechRecognition on the Aurora
Task

Q9: It will probablybe helpful to draw the structure of the training DBN, including all of the
frames/variableghat are in the structue le. Useshadednodesfor observedvariables



Q10:

anddottedarrowsfor switching dependenciedNotethat the observatiorvariable is multi-
dimensionalput is still treatedasa singlevariablein this structuse; it justhappendo bea
vectorvariable (in this case of MFCC values).

(Yes,thisis justanexercisein readingthe le! Butit will beeasierlater to referbad to your
drawingthanto the le .)

Solution: ThetrainingDBN is shovn in the gure below. All variablesn all frames except
for obs arediscrete.Eachdiscretevariableis labeledDET if it is deterministicf it is not,

it is IabeledD)ZT .

frame O frame 1 (or i) frame 2 (or N)

skipSil D)zT ? DET ?D;/T

wordCounter /) endOfUtteranct

> DET
l l DET
word
wordTransition DET
DET DET
wordPosition O M

phoneTransition

phone

obs Q Q Q

Couldwe haveimplementedhefunctionalityof thismodelusinga simpleHMM, i.e. a DBN
with just a statevariableand observatiorvariable?If so,how?

Solution: Thereis asimple(if tedious)transformatiorfrom our decodingandtrainingstruc-
turesto a basicHMM structure(i.e. the onein the gure for Q5-8). Eachstate—i.e.gach
valueof the statevariableQ—would correspondo a combinationof valuesof all of the hid-
denvariablesandits cardinalitywould thereforebe the productof the cardinalitiesof all of
the hiddenvariables.

Let's startwith decoding.We cansetup avectorof valuesfor eachframei,
[word;; wordP osition;; phong; phoneTransition; wordTransition ]

We cantheneitherthink of Q; asbeingavectorvariable,or constructa one-to-onenapping
from thevectorvaluesto a scalarandhave Q; beascalarvariable. Theobsenationvariable
X, of theHMM would beidenticalto the obserationvariablein our DBN.



Q11:

The statetransitionprobabilitieswould consistof the overall probability of going from one
combinatiorof hiddenvariablevaluesto another Someof thetransitionprobabilitieswould
be productsof multiple probabilitiesin our DBN. In particular someof the transitionprob-
abilitieswould be productsof phonetransitionprobabilitiesandword bigramprobabilities;
for example,the probability of transitioningfrom [“six”, 2, [s], 1, 1] (thelastframein the
word “six”) to [“one”, 0, [w], 1, Q] (thelastframeof theinitial [w] in “one”) would be

Pr(word; = \oné’jword;, ; = \six®JPr(phoneTransition; = 1jphong = [w])

(This, of coursewould correspondo avery short[w]!)

For training, an analogousprocedurewould be usedto corvert the training DBN to an
HMM !, wherenow the statevectorwould be

[skipSilj; wordCounter;; word;; wordPosition j; phong ; phoneTr ansition j; wordTr ansition ;]:

The statetransitionprobabilitieswould now includeproductsof phonetransitionprobabili-
tiesandskipSil probabilities;e.g.,for asimilar transitionto theonewe consideredbove,

p([1; 4;\ on€™0; [wl; 1; OJi[1; 2;\ six®93; [s]; 1; 1)) o
= Pr(phoneTransition = 1jphone= [w])Pr(skipSil = 0)
Thereare a coupleof issuesthat we would needto be very carefulaboutin orderto get
the sametrainedparametergrom this modelasfrom our DBN. First, for the obsenation
variable,we would needto “tie” the obsenationdistributionsof certainstatesj.e. forcethe
distributionsof thosestatego beidentical;for example,all statescorrespondingo a given
phonewould usethe samedistribution.

Secondfor the statetransitionprobabilities we have to be evenmorecareful.If we justran
EM to train the transitionprobabilities,ignoring the fact that mary of themarerelatedvia
the productabove, thenwe could not ensurethat they maintainthis productstructure,and
theresultingtrainedvalueswould lik ely be differentfrom the onesin our DBN. Insteadwe
would have to addup the EM countscorrespondingo the same(implicit) hiddenvariable.
Therefore,we would actually be training Pr (phoneTr ansition jphone andPr (skipSil)

separatelyjustlikein the DBN!

So,to summarizeyes,it is possibleto implementboththe decodingandthetrainingDBNs
asHMMs, but it requiressomecareto make surethatthetrainingis donecorrectly

Tabulate the word error ratesyou measuedin T2 and T4. Doesthe recaynizerperform
betterwhendecodingon utteranceswith the sameSNRasit wastrainedon thanwhenit is
trainedon the mixedtraining set? Was this resultinevitable? Whyor why not? (Notethat
this questiorhasnothingspeci cally to do with graphicalmodels.)

Solution: Tablel liststheword errorratesfor all of the conditionstestedn thislab.

Technically we would actuallyhave a separatédMM for eachutteranceto accountor the differentword strings
in the training utterances.f you readthe GMTK master les carefully, you may recall that this is taken careof in
GMTK by having differentdecisiontreesfor differentutterancestechnicallythen,thereis a differentDBN for each
utterancethoughGMTK letsusde ne justone,usingthe perutterancedecisiontreetrick.
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| testset|| baseling| clean-only] SNR5-only| baselinet noisevar | baselinet hiddenauxvar

clean | 22.22 11.11 73.20 11.11 11.11

SNRS5 | 62.57 92.18 33.52 35.20 30.73

Tablel: Word errorrates(in %) for all recognizersn this lab, onthe cleanandSNR5testsets.

Q12:

In theseexperimentsperformancas betterwhenusingtwo differentrecognizerdrainedon
the two noiseconditionsanddecodingwith the appropriaterecognizetthanwhentraining
a singlerecognizeron the full training set. This makes sensantuitively, sincewe expect
betterperformancavhenthe training and testdataare distributed more similarly. This is
not, however, inevitable,becausehereis lesstraining datafor eachnoiseconditionthanfor
the entiretraining set. Imagine,for example,whatmight happenf the noisy datahappens
to not containa particularphone;thenthat phones transitionand obsenation distributions
would not be trainedat all, which is surelyworsethantrainingthemon cleandata! Less
drastically but still importantly the datafrom one noise condition may not containdata
from sometype of spealer (e.g.female,elderly, heary smoler, Boston-accented,.) that
doesoccurin the correspondingestset.

At this point you mightwantto draw a new pair of training and decodingstructuesthat
representthis new model, by augmentingthe baselinetraining/decodinggraphswith the
noisevariableandanynecessanadditionaldependencies.

Solution: Thereareanumberof waysof settingup thetraining DBN. Oneoptionis shavn
in Figurel. In this structurethenoiseobsenationfor theutteranceas usedin the rst frame,
andevery successie frameusesadeterministichiddennoisevariablewhosevalueis simply
copiedfrom thepreviousframe(i.e.its CPTis “noisg = 1if noise ; =1, and0 otherwise”).
Thenoisevariablein the rst framehasa denseCPT, which we caninitialize to ary binary
vectorwith no non-zeroprobabilities,e.g.[0.5 0.5]. During training, it will be adjustecto
whateverthedistribution of noisyvs. cleanutterancesictuallyis in thetrainingdata(which,
in our case,we know to be[0.5 0.5]). Thedistribution of the obsenation variableis now
a differentGaussiammixture for eachphoneandnoisecondition(sotherearenow twice as
mary Gaussiamixtures).

An alternatdrainingstructurewvould be onewherethe noisevariableis obseredandhasno
parentsn eachframe,usingthe samedenseCPT for all frames.

Thedecodingstructureas thesameasthebaselinedecodingstructurewith thenoisevariable
having the sameparentsandchildrenasin thetraining structureof Figure 1, but the noise
variableis now hiddenin every frame. The noisevariables CPTsarealsoidenticalto those
in the training model, exceptthatin the rst framewe usethe denseCPT learnedduring
training (or, in our case simply plugin [0.5 0.5] since,again,we know thatthis is the noise
distributionin thetrainingset).

The changesequiredto implementthe above traininganddecodingmodelsin GMTK are
asfollows:

STRUCTURES/training.noise.str:



trame U trame 1 (or 1) tframe 2 (or N)

skipSil ? DET ? DET ?Dﬁ%

endOfUttera
@

l l DET
oET DET
word
DET DET
wordTransition DET
DET DET DET
wordPosition O />
phoneTransition
D ot

phone

noise O
obs ) -~ Q/

wordCounter

\

frame : 0 {

variable : noise {
type: discrete observed NOISE_OBSERVATION_RANGEardinality 2;
switchingparents: nil;
conditionalparents: nil  using DenseCPT( noiseProbs");
}
}
frame : 1 {
variable : noise {
type: discrete hidden cardinality 2;
switchingparents: nil;
conditionalparents: noise(-1) using DeterministicCPT(""copyNoise");
}



PARAMS/flat_start.noise.gmp:

% Dense CPTs
6

5
noiseProbs
0

2

05 05

PARAMS/masterFile.noise

DETERMINISTIC_CPT_IN_FILE inline

9

8

copyNoise

1

22
directMappingWithOneParent

STRUCTURES/decoding.noise.str

frame : 0 {
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variable : noise {

type: discrete hidden cardinality 2;
switchingparents: nil;
conditionalparents: nil  using DenseCPT( "noiseProbs");
}
}
frame : 1 {
variable : noise {
type: discrete hidden cardinality 2;
switchingparents: nil;
conditionalparents: noise(-1) using DeterministicCPT(" copyNoise");
}
}

PARAMS/masterFile.noise.decode:

DETERMINISTIC_CPT_IN_FILE inline

7

6

copyNoise

1

22
directMappingWithOneParent

Q13: Whatare the word error rateson both sets? How do thesecompae with your previous
results? Try to explain any differencesbetweerthe performanceof this modeland that of
the modelstrainedon ead noiseconditionsepaately. (Hint: Thinkabouthowthis model
differsfromhavinga completesepaate modelfor eac condition.)

12



Q1l4:

Q15:

Q16:

Solution: The errorratesareshown in Table1. For the cleantestset,the errorrateis the
sameasthe oneobtainedwith the recognizeitrainedon cleandataonly. For the noisytest
set,theerrorrateis slightly higherthantheoneobtainedwith therecognizetrainedonnoisy
dataonly.

Therearea coupleof reasonswvhy this recognizemay performdifferently from the noise
condition-speci cones.For example thediscrepang couldbedueto someof thenoisytest
utterance$having beenmisclassi edasclean.However, we know from Q14 thatthisis not
the case(soit mayhave beenpreferableto askQ14 rst ©). Anotherreasoris that,evenif

thenoiseclassi cationis perfect,this recognizeiis notidenticalto having a separateecog-
nizerfor eachcondition. Namely althoughthereare separatebsenation distributionsfor

cleanandnoisy conditions the phoneTransition CPTis trainedjointly for bothconditions.
Thereforethereis no reasorto expectidenticalresultsfor this recognizeandthetwo noise
condition-matchedecognizers.

How manynoiseclassi cationerrors doesyour modelmale in ead condition?

Solution: None. Thetwo noiseconditionsare extremelydifferent,soit is reasonablehat
theobsenationdistributionsfor noise= 0 andnoise= 1 would bevery differentaswell.

Couldwe haveimplementedhe samemodelusingan HMM-basedrecanizer?If so,how?
If not, whynot? (By the “same model”, we meanonethat would alwaysbehavesxactly the
same;in particular, it shouldgivethe samedecodingoutputs.)

Solution: Yes,we cancorvert both the decodingandthe training DBNs to HMMs. For
decodingthiswould bedoneexactly asin Q10, justwith anadditionalelementepresenting
the noisevariablein the statevector For training, sincethe noiseconditionis known for
eachutterance we would constrainthe statespaceto the stateswith eithernoise= 0 or
noise= 1, dependingon the utterances noiselevel. Thisis essentiallythe sameashaving
two HMMs for training, one with the noise = 0 statesand one with the noise= 1 states,
but taking careto properly“tie” the statetransitionprobabilitiescorrespondingo the same
phonewith differentnoisevalues.

Doesthis new auxiliary variable seemto havelearnedto associateitself with the noise
level? Whatdoesan auxiliary valueof “0” correspondo, andwhatdoesa “1” correspond
to? Whatdo youthink would happenif we ranthe sameexperimentgexceptusedonly clean
speeb astraining data (i.e. how might the valuesof the auxiliary variable patternin that
case)?

Solution: Yes,theauxiliary variablehasbecomeassociateavith the noiselevel, exceptthat
themeaningf “0” and“1” have beenswitchedsothataux = 0 how correspond$o noisy
speectandaux = 1 now correspond$o cleanspeech.

If wetrainedthesamerecognizeusingonly cleanspeechye would expectthattheauxiliary
variablewould learnto associatétself with someotherbinaryfeaturethatremainsconstant
acrossan utterancesuchasthe spealer's gender age(old vs. young),or dialect. It may,
of course clusterthe utteranceslongsomedimensionthathasno physicalmeaningto the

13



casuabbsenerbut whichturnsoutto improvethelik elihoodduringtraining(in fact,having
carriedoutthis exactexperimentonour cleantrainingset,theauthorof thesesolutionscould
nd noparticularconnectiorbetweertheauxiliary variablevaluesandary physicalfeature).

Q18: (Extra credit!)

(@) If you look at the Gaussianmeansin flat _start.aux _var.gmp , you will notice
that they are not uniform (as were the oneswe usedfor the baselinemodel and
the baseline+ noise model). This parametes le was initialized with random
valuesrather than uniform ones. Can you explain why this is necessaryin this
case? You may want to try training this recaynizer with a uniform initialization
instead(by modifyingflat _start.aux _var.gmp to usethe Gaussianmeansfrom
flat _start.noise.gmp ), andseewhathappens.

Solution: The main pointis actually not that the Gaussiansvere not initialized uni-

formly, but that they were initialized to differentvaluesfor aux = 0 andaux = 1.

Supposehat the Gaussiangor both valuesof aux wereinitialized identically Then
duringthe E stepof eachiterationof EM training, all utterancesvould alwaysbe as-
signedequalprobability of having aux = 0 andaux = 1, andduringthe M step,the
Gaussiarparametersvould have all beenupdatedto new, but still identical, values.
The EM algorithmwould have hadno reasorto assigndifferentvaluesto the two sets
of Gaussiansandwe would wind up with two copiesof the baselineGaussians.n

fact, if you tried initializing the Gaussiansiniformly, you would have found thatthe
recognizelgetsthe sameresultsasthe baseline.

(b) Basedon your answerto part (a), can you explain any differencesbetweenhe word
error ratesyoufoundin T9, usingthe hiddenauxiliary variable, andin T6, usingthe
noisevariable?

Solution: The recognizerusingthe hiddenauxiliary variableoutperformsall of the
otherrecognizersn thislab. Thisis simplybecauséhe EM algorithm nds only alocal
maximumin thelik elihoodfunctionandis sensitveto theinitial parametesettings.As
it turnsout, this particularrandominitialization happenedo be betterthanthe uniform
one.If you hadtried to usea differentrandominitialization, you maywell have found
the performanceo beworse.
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