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Abstract— The Maximum Likelihood Set (MLS) was recently probability (PjW) given the sample. Formulae such as
introduced in [1] as an effective, parameter-free technige for +
estimating a probability mass function (pmf) from sparse dda. ﬁBayes lﬂBayes(V) = L;
The MLS contains all pmfs that assign merely a higher likelitood N+ V

to the observed counts than to any other set of counts, for for the Dirichlet prior have been used, where thgper-

the same sample size. In this paper, the MLS is extended to s ch b d or k led b
the case of conditional pmf estimation. First, it is shown tat, Parameter Is chosen based on some prior knowledge about

when the criterion for selecting a pmf from the MLS is the KL- Ptues =1, = % and = \,i are often used [2].

divergence, the selected conditional pmf naturally has a ke-off Other well-known estimates in language modeling, and
form, except for a ceiling on the probability of high frequency elsewhere, include Good-Turing discounting, Witten-Ris-
symbols that are not seen irparticular contexts. Second, the pmf counting, Kneser-Ney discounting, etc [3]. In these meghod

has a sparse parameterization, leading to ef cient algorihms for . . . .
KL-divergence minimization. Experimental results from bigram the discounted estimate &fre is computed using a back-off

and trigram language modeling indicate that pmfs selectedrbm formula
the MLS are competitive with state-of-the-art estimates. ( G c .
v ( V) If CV > 0,

I"‘}Discoun(v) = ﬂN 3
N

8va2vVv; (2

I. INTRODUCTION if o, =0,

I){vhose discount parameters are estimated via some heuris-

tics, or from a held out portion oW, to provide nonzero

of independent samples, drawn according to an unknown p Pbability to unseen words. Readers interested in details

Pre is observed, and the goal is to estim®eue It is of these methods are referred to the survey paper by Chen

assumed that the samplag belong to a discrete and nite and GO(_)dman [4]. All these methods make some ‘?‘d hoc
assumptions about the unkno®n that are not substantiated

setV = f1;:::;Vg. To facilitate a more concrete exposition, W d furth te dat b
think of V as the vocabulary of a statistical language model . .’ and some even furiher aggravate dala sparseness by
ividing W into a training and a held out set. Even in the

(LM), and W as the training corpus. This estimation proble eoretically pleasing Bayesian case, in whiehy, itself is

is, of course, a recurring problem not only in natural larggia . d " lued d bl th i
processing (NLP) but indeed in all of statistics. A popula\fIeWe as a continuous-valued random variable on the uni

estimate ofPue is the maximum likelihood estimate, simplex P R, the purpose of the prior 1S often only to
ensure that the MAP estlmat%alyes is positive everywhere,

The problem of probability mass function (pmf) estimatio

c N and different priors may therefore lead to different estasa
I5M|_(v) = N = N 1w =v); 8v2a2V; (1) Maximum entropy estimation [3] is another standard solu-
t=1 tion to data sparseness. Instead of estimaB{g) for each

v 2 V according to (1), the maximum entropy method rst

where 1(A) is the indicator function of an evet, andc, estimatesP (v 2 A) = % for select setsh, V] =

is the observed count of a wordin the corpusy. PuL ds

1
usually adequate wheN V andN MaXv  priv - the probability of some subsets ¥fin this manner typically

But small samples usually resultifi. (v) being unacceptably under-speci es the pmf of interest, leading to a $etof
small for somev 2 V. Zero probabilities, in particular, leadadmissibleomfsP = fP 2 P : P(Aj)="8; j =1;:::;J0.
to severe performance degradation when the estifdateis The admissible pmf with the highest Shannon entropy is then
subsequently employed, e.g., in automatic speech reéognit chosen as the estimate Rf,ue: Pvaxent = argmaxp2p H (P).
parsing, machine translation, and other NLP applications. It can be shown that for eveny2 V, as long as at least one
One standard solution to data sparseness is Bayesian d3ti2 P satis es P(v) > 0, it follows that Pyaxen(V) > O.
mation, in whichP+ itself is viewed as a continuous-valuedrhus the maximum entropy estimate is inherently smooth. On
random variable on the unit simpldR ~ RY, with a prior the other hand, there is no principled way of selecting the se
probability density (P). Under a quadratic loss function, theA; V or evenJ; nding appropriate feature sets is an open
Bayesian estimatégayesof Prrie is the mean of the posterior problem.



In the following section, we brie y describe a technique wéNote that if Q is the uniform pmf onV, then the criterion

have recently developed using the notion shaximum likeli- for selectingPu.s through KL-divergence minimization is
hood sef1]. In Section Ill, we describe how this technique isimply maximum entropy. Moreoveg, = ¢, and Q(u) =
applied to the estimation of a statistical language modedl a@(v) guaranteesu s(u) = Puis(v). This results in great
how the estimation can be made computationally ef cient. Isimpli cations in the numerical computation &.s.
Section IV we explain the connection between the proposed
estimate and the notion of back-off in language modeling;
we further show that the back-off formula is improved by Statistical language models are a key component in NLP
introducing aceiling on the “backed-off” probabilities of applications such as automatic speech recognition, mechin
frequent unigrams. We present empirical language modelifighslation, spelling correction, and document retrietain-

IIl. STATISTICAL LANGUAGE MODELING

results in Section V, and conclude in Section VI. guage modeling entails estimating a probability distiut
over word-sequences, and this is typically done by modeling
Il. THE MAXIMUM LIKELIHOOD SET the sequence of words in a sentence by a nite memory
Let PNV P denote the set of all possible empiricaMarkov chain. An n-gram model is a set of conditional pmfs
distributions, ortypes for a sample of size\ [5]. A type, P(Wnjwn 1;:::;w1), one for every conditioning event. In
which is the same as the maximum likelihood estimate @pPplications such as document retrieval, where word-osler
(1), is fully specied by the countgc;:::;cv), and for hot of paramount importance and a bag-of-words represen-
N independent samples drawn according to a common pkation is adequate, i.i.d. models, called unigram modeis, a
Prwe 2 P, the probability of observing a typ@ is used. In other NLP applications, however, prediction of advo
Y given its history plays an important role; language models of
N! . ;
Prue(P) = Prue(Ciiiiiiov) = ————  Prug(v)®  order at leasn = 2 (bigram) and usuallyn = 3 (trigram)
Glisov! | improve performance dramatically over the unigram, and are

(N) (4 thus preferred. On the other hand, estimation of bigram or
Foragiventypd® 2 P ', we de ne themaximum likelihood trigram models is based on much fewer data samples per
set(MLS) as conditioning history, thus making the application of snioog
n 0 techniques even more necessary.
_ : .aB0, (NI, a Yy
M(@P)= P2PjP(P) P(PI8P°2P ) Conditional pmf estimation can be performed ef ciently
B i _ using MLS techniques. Each conditioning event (e.g., alsing
In words, M ( ) is the S_Et of all pmfs under Wh"fn)theword, or a pair of words encountered in some training data
observed typd is no less likely than any other type #I . for the bigram and trigram cases, respectively) gives osa t
An equivalent characterization of the MLS is provided in:[1]different MLS: different words are seen following each bigt
_ i o . Hence, for each historly, an estimate of the conditional pmf
M(P)= fP2P:(q+)P(V) GP(U);8uV2 Vg(.6) is selected from the corresponding MIM® (h). To do that,

The MLS has several desirable properties as described.in [1]theAfoII?W|ng Is?etsl;at\_/e tz betadbdressledt: d1 h di
1. M (P) is a closed, convex/ (V 1)-sided polyhedron. reference distribution has to be selected for each condi-

. . tioning history. In our experiments, we used conditional
2. The observed typ is the only type inM (P). ! o
3. DiameterkP Pk, 2(v 1N L8P 2M (B). Kneser-Ney and Witten-Bell models of the same order

4. Strong consistency: & ! 1, all pmfs inside the MLS as the es_t|mated d|sftr|but|on. (Of course, although one 15
free to pick any arbitrary reference distribution, we feel
converge toPye almost surely. that the above choices are well-justi ed as they “encode
5. If awordv hasc, > 0, thenP(v) > 0 8 P 2 M (P). J y

6. M (P) contains pmfs® such thalP(v) > 0 8 v2 V. information” about the particular training corpus at hand.

) \ - The number of distinct histories can be very high, ranging
7.P|:2a:;[/|hfzjlgn)ess to evidence:d < cy thenP(u)  P(v) 8 from a few tens of thousands (single words) to a few

. o . hundreds of thousands (pairs of words). Therefore, since
M (é) is proposed as aadmissibleset of pmfs, from whicha 5 gifferent convex optimization problem (for nding an

particular pmf may be chosen as an estimate of the underlyinggstimate inside the MLS) needs to be solved for each one
pmf Prre using secondary criteria. In particular, ifeference  of these histories, it is crucial that the optimizations are

pmfQ is available, i.e. an estimate one would nd acceptable performed in a computationally ef cient way.
whenN =0, then one way to choose an element{P) is

to minimize the Kullback-Leibler divergence (KL-diverges): To address the second issue above, we identi ed a number of

ways to achieve signi cant computational savings, and st li

X . - .
PuLs = argmin D (PkQ) = arg min P (v)log P(v).  them in the following subsection.

P2M (PuL ) P2M (Pui ) oy Q) A. Computational Complexity Reduction Techniques
Attainment of the minimum, and the uniqueness of the mini- Each convex optimization problem is solved using a
mizer, is guaranteed byl (P) being closed and convex andquadratic program, whose computational complexity is af-
by the convexity of the KL-divergence [6, Theorem 2.1Jfected by two quantities: (i) The dimensionality of the prob



lem, which is no more, indeed much less as shown later, thbg,, : w 2 Sg, we de ne the quantity

the numbelV of parameters (each parameter corresponds to a P (wjh)

word, whose probability needs to be estimated). (ii) The hium (Ps), min ———:

ber of constraints, which is equal¥ (V 1), the number of w2s Gow)

hyperplanes which bound the MLS. (Of course, there are alw, for any pmfP 2 M (h), the probabilities ovet) have
the usual sum-to-one and non-negativity requirementses@h to be such that the following two conditions are satis ed:
two quantities can be reduced dramatically as follows. 1. Sum-to-one:P(U)=1 P(S) (constraint C1).

Two distinct words that follow a history, but have the same?- Consequence C_’f MLS de nition (6): _

counts and referend@ probability, may be collapsed when 8 W2 U; P (wjh)  (Ps) (constraint C2),
estimatingPys, as mentioned at the end of Section Il. FowhereP(S) = ,5 P(wjh) (similarly for P(U)). There are
each history, theffectivesize of the alphabet is thereforemany ways for selecting a distribution from the MLS. Here, we
much smaller than the alphabet si¥e For a vocabulary focus on the case where the objective is the minimization of
of size 52,000 words, the effective alphabet size turns die KL-divergence from a reference distributiQn(cf. Section

to be at most 1500 for the bigram language model andl)- AS we show next, keepings constantPy can be chosen
2000 for the trigram. Furthermore, as we will see in the neff that the two constraints (C1) and (C2) are satis ed, while
section, the effective alphabet of only words with positivéhe KL-divergence fronQ is as small as possible.

counts needs to be considered; unseen words need not Heet @ distributionP = (Ps;Py) 2 M (h). We dene® =

part of the parameterization in the convex optimizatiord arfPs:®u), which has the same seen portionRisand

their probability is completely determined (collectivelyy By(w), minf (Ps); (Ps) Q(w)g 8w?2U:

the probabilities of the seen words. )

Unseen words do not impose upper bounds (6) on tfdere (Ps) 0 can be uniquely chosen so tiftsums to
probability of seen (or other unseen) words: if a wovd ©ON€ (as is proved in the next theorem).

has not been seen following a histdrythen for any other  Theorem 1:For any pmfP 2 M (h), we have:

word w® we have the inequality @m®2M (h).

PN (cwo + DPi); P(j)2M (), )PPk D(PKQ).

) . ) i Proof: To prove (a), we note the following: (il® is
which holds t.r|V|aIIy, sincechw ), the number of times that ; \\all-de ned pmf, as it is non-negative everywhere and it
w follows h, is equal to zero. Also, the number of seeq s 1o one by appropriately choosin(Ps) (the sum-to-one
words following a history is usually much smaller than thEonstraint would not be satis ed ifuj (Ps) < 1 P(S),
number of unseen words. Hencegitendistinct words have 41 is if the “ceiling” (Ps) was too low to allow enough
been seen following a history, the number of constraints loss on the unseen past but this is not the case because
the de nition of_the MLS is approximatel_;zgeenf Ceen Vi p 2 M (h) is a well-de ned pmf, and henciJj (Ps)
and the remainingV  Csee)” constraints imposed by P(U)=1 P(S)). (i) ® satises the MLS constraints (6)

unseen words on other unseen words are_redundant. N@W:the seen part (becauBesatis es them) and on the unseen
Cseen IS, ON average, about 30 (e.g., for bigram Ianguagj%rt (by construction)
i .

model estimation) of the Wall Street Journal corpus, and |4 prove (b), it suf ces to prove that the minimizer
reduces further to just 4 once distinct seen words with ’
D(P%Q)

the same count and reference probability are collapsed. arg
The number of constraints is therefore at md3t+ 4

1500 = 6016 a tremendous reduction over the hilion is equal toP.
constraints suggested by (V1) Let an arbitrary pmfP® 2 M (h) with P = Ps. We

By taking advantage of the above, the minimization of the kLconsider the following convex optimization problem:
givergde_ncg(m(_)re Ip\;egisglyrmdi ed If(L_-divIerger:jce which isbI minimize B ng(Q)’ w.r.t. PO
e ned in Section IV) is done very ef ciently, and we are able > L, POw)=1 P(S) (from C1)

to estimate bigram and trigram pmfs with modest computing. |
subjectto Pd(w)  (Ps); 8w2U (from C2)

min
PO2M (h): P=Ps

IV. CONNECTIONS WITH THEBACK-OFF FORMULA " P3(w) 0O; 8w2U:
Given a histornyh, let S; U be the seen and unseen portion\éve de ne the constraint functions
of the vocabularyv respectively, i.e.5 = fw 2V : gpy) > aw(Pd), PO(w) (Ps); w2U (7)

OgandU = fw 2V : ¢ny) = 0g. Also, for an arbitrary condi- . .
tional pmfP( jh) 2 P, we de ne its seen and unseen compo"Emd the Lagrangian function

nents:Ps = (P(wyjh);:::; P (wsjjh)); wi;:iii;ws; 2°S, L(P% ;) , DP%Q)+ ww (PY)
and Py = (P(vijh);::5 P (vy;jh));  vasiisivig 2 UL X w2u
Without loss of generality, we may writ¢ = ( Ps; Py). Next, + ( PI(w)+ P(S) 1) (8)

given the seen portioRs of a pmf and a set of positive counts w2U



Since the objective functio (P%Q) is convex and the
constraint functiong gg are af ne, by the Kuhn-Tucker the-
orem [7], we have that necessary and suf cient condition for
optimality of a pmf componeri®; is the existence of ;

such that
P% P,
CIANEED _ . @ ) o)
@ U pS = PU @ =
ng(PU) = 0; 8w2U (10) Fig. 1. The MLS estimate places a ceiling on the backed-afbability of
. frequent unigrams when they are unseen in a history, burwite behaves
O: (11) like a back-off estimate. For illustration purposes, thgrams in the gure

.. . . . . . are ordered in decreasing value @f
Note that condition (10) implies that, fanactive constraints 9 @

(gw < 0), it should be ,, =0.
Letw 2 U. Taking the partial derivative df (P% ; ) with
respect toPJ(w), we obtain

@uUP% ;)
@8w %9 Q)

We now set (12) equal to zero (to satisfy (9)), and WR. Optimum Parameterization
distinguish the following two cases:

in that respect: they give higher probability finctionwords
(e.g., the, is, of, etc.), even after back-off, than they do t

PO(w words that actually appear in that context, but are oth@wis
I 1+ w+ 1 (12) jnfrequent.

) o . _ Theorem 1 is helpful from a computational complexity
1. The co_nstralrg,\, Is inactive, i.e.gs < 0. Then, by V|rtu_e perspective. It shows that the number of degrees of freedom
of (10), it should be \ =0. Hence, from (12) we obtain of the optimization problem is equal to the numbersaeen
Py(w) =expf 1 gQ(w), (Pg)Q(w); symbols (words), since the unseen symbols should just be
. . ) ] _ assigned a value equal to the “capped” back-off formula.
i.e., Py(w) is proportional toQ(w), with the same multi- Now, by computing:  “on-the- y” for each choice of values
plicative constant for aliv 2 U. of Ps, we come up with a “semi-optimized” KL-divergence
2. The constraing, is active, i.e.gs = 0. Then, by the ariant which is minimized by the minimizer db(PkQ).
de nition of g, we have Speci cally, for any choice ofP 2 M (h), we de ne the
Py(w) = (P): “semi-optimized” KL-divergence functiond® (PkQ):

Hence, settind®,(w) = min f (P2); (P2)Q(w)g the con- B(PkQ), D(PkQ); P 2M (h);
ditions of optimality in the convex program are satis ed. , , )
Therefore,® = (Ps;P,) minimizes D (PkQ) with respect wherel was de ned earlier. Obviously, by virtue of Corollary

to Py, and hence the theorem is proved. [ | 1, S(PkQ) has the same minimum a@(PkQ),_ and is .
attained by the same minimizer. Moreover, as is proved in

Corollary 1: The distributionP in the MLS M (h) which  Theorem 28 (PkQ) is a convex function oPs. Hence, by
minimizesD (PkQ), has the back-off form solving the convex optimization problem f@(PkQ), we
manage to reduce the dimensionality of the problem from the
> . effective size of the whole vocabula¥, to the much smaller

minf (h); () QW)g if Crw) =0 effective size of theseenpart only. This tremendous complex-
where P (w) is the value of the minimizer fow 2 S and ity red_uction Was_ver_i ed in our experiments. Mor_eover,sthi

(hy, (Pg). reduction has a nice interpretation: the parameterizatighe

roblem is equal to the number séensymbols in the training

In other words, Corollary 1 shows that, for unseen Symbo@ata; it is therefore optimal, since it does not consideremor
the minimizing distribution has to be proportional @ but (o |ess) than what is supplied by nature.

with aceiling (h), asis illustrated in Figure 1. (Thisis akinto The convexity off (PkQ) is proved in the following.
the reverse water- lling solution of the source coding gesh

. Ps (W if ¢ >0
IﬁMLS(WJh) - S( ) (hw )

for parallel Gaussian sources [8].) Theorem 2:8(PkQ) is a convex function ofPs, for all
Furthermore, an important observation is in order: tHgs such thatPs;®y) 2 M (h).
ceiling (h) limits the values offrequentunigrams that are Proof: Let P@:P® such that(Pél) -8 y) 2 M (h)

neverthelessinseenin a contexth. This is a very plausible 2) . ) h
and natural consequence of the MLS: the probability %PS()'FQ(Z)U) 2 N(Iz)(h)' Forany 2 (0:1), letP (w) =
an unseen word should not be just a scaled version of i% (w) +(1 )P (w). Then
overall frequency, especially if the word is frequent in ge. B(P kQ)

Actually, the fact that a word is unseen under a particular X b
context, should be a good indication that itnfrequentin that = Ps (W) log Ps (W) + b u(w)log u (W)
context. Empirically, most language models are inconsiste WIS Q(w) w2U Q(w)




X PS (W) Bigram ref. pmfQ Witten-Bell | Kneser-Ney
Ps (W) Iog W + Avg. num. of bits withQ-encoding 8.47 8.36
\%S Q(w) Avg. num. of bits withPy_s-encoding 8.44 8.38
1) @ Trigram ref. pmfQ Witten-Bell | Kneser-Ney
( P u (W) + (1 )|Q u (W)) Avg. num. of bits withQ-encoding 8.21 8.08
w2u Avg. num. of bits WithIﬁMLs-encoding 8.24 8.12
PO w)+@ )B@y(w) TABLE |
log oW (13)
BIGRAM AND TRIGRAM RESULTS FOR VARIOUS REFERENCE DISTRIBY
= D( B + (1 )|g(2) kQ) TIONS. THE 2ND AND 5TH ROWS SHOW THE AVERAGE NUMBER OF BITS
D (|g(1) kQ) + (1 )D(|g(2) kQ) (14) WHEN THE ENCODING IS DONE USING THE REFERENCE DISTRIBUTIONS

(WITTEN-BELL OR KNESERNEY). THE 3RD AND 6TH ROWS SHOW THE
NUMBER OF BITS USING THEMLS ESTIMATES, WHERE THE REFERENCE

where (13) follows from the fact that® U Minimizes DISTRIBUTION USED IS INDICATED BY THE COLUMN HEADING.

D(P kQ) for any choice ofPg, by Theorem 1, and (14) e show that, when the optimizing criterion for selecting
follows from the convexity oD ( kQ). B 3 pmf from the MLS is the KL-divergence, the minimizing

V. EMPIRICAL RESULTS EROML ANGUAGE MODELING distribution improves upon the standard back-off form by

We have conducted experiments on English text from t éacmg acqlmg on the backed-off probap|llt|es of very
uent unigrams that are not seen in a history. Moreover,

Wall Street Journal corpus. A subset of this corpus, call fpauent unig : '
. e optimization may be carried out ef ciently due to the
the UPenn Treebank corpus, widely used by many researchers o : . .
rse parameterization of the solution. Finally, the gxpe

) . T . spal
in language modeling, has a standard division into Seqﬂong :
named 00 through 24. We use Sections 00-22, Contain.ments demonstrate that pmfs selected from the MLS using

i i " .
about 900K words, as our training corpus, and Sections 23-54%' divergence are competitive with the state-of-the-aven

e . In"an application that has been studied for decades, and have
containing 100K words comprise our test corpus.

To measure the ef cacy of a pmf estimafe we compute additional desirable properties.

. We propose to apply this method to other conditional
thE." average _number of bits neede_d to encode the test dggﬁmation problems that suffer from sparse data, suchlas ru
using an (optimal) source code derived frétn

probabilities in statistical parsers, and in maximum gnfro

BPYKkQ+(1 )BPPKQ)

log(B(wy::::: Wao) ) (15) with linear inequality constraints. Moreover, we have rabe
Nest R considered a larger set of distributions, the High Liketiio
whereN s is the size of the test séti;:::; Wy, O Set (HLS), which includes the MLS as well as some neigh-

We use the counts from Sections 00-22 to computesing boring distributions. The HLS contains pmfs which make the
a leave-one-out procedure we augment the vocabulary wittPlserved typenly slightlyless likely than some other types;
number of unseen words; this yieljiéj = 52; 743 Also, the however, its asymptotic properties are very different fritia
number of distinct bigrams is approximately 350,000, ared tproperties of the MLS. Theoretical and experimental rasult
number of distinct trigrams is 670,000. For each history ifith the HLS will be reported in a subsequent publication.
the training set, we collect counts of all words followingath ACKNOWLEDGMENTS
history, and we nd the pmf inside the MLS (as de ned by
these counts) that minimizes the KL-divergence from a p
history reference distribution. For each history, the mefiee
distribution used is the corresponding conditional WitEsl
or modi ed Kneser-Ney distribution, computed from the word REFERENCES
counts of Sections 00-22. [1] B. Jedynak and S. Khudanpur, “Maximum likelihood set éstimating

The number of bits computed for each language model are as%rg’f’fé’é'gyJ'L}asiofg‘gmi"”"“e““”" Computationvol. 17, no. 7, pp.
shown in Table I. The MLS estimate is competitive with th?Z] D. Wolpert and I)D/ Wolf,. “Estimating functions of probdiby distributions
modi ed Kneser-Ney model (which is often reported in the = from a nite set of samples,"Phys. Review Evol. 52, pp. 6841-6854,

literature as the state-of-the-art in language modeliag)well 1995. o »
ith the Witten-Bell estimate [3] F. Jelinek, Statistical Methods for Speech RecognitidflT Press, 1998.
as wi : [4] S.F. Chen and J. Goodman, “An empirical study of smogthéchniques

c for language modeling,” ifProceedings of the 34th Annual Meeting of
VI. CONCLUDING REMARKS the ACL 1996, pp. 310-318.

We have outlined a new way of viewing the problem ol I. Csiszar and J. Korner, Information Theory: Coding Theorems for

diti | f . . icularly f I | Discrete Memoryless System&cademic Press, NY, 1981.
conditional pmf estimation, particularly from small saeg [6] I. Csiszar, “I-divergence geometry of probability dibttions and

commonly encountered in language modeling and in other minimization problems,” The Annals of Probabilityvol. 3, no. 1, pp.
applications. The view, based on the notion of the maximu[m 146-158, February 1975.

likelihood d di fi 7] Nello Cristianini and John Shawe-Taylogupport Vector Machines and
Ikelihood set de ned In (5)’ opens many avenues of INVeSU-" giner kernel-based learning methedSambridge University Press, 2000.

gations not only in language modeling but in other areas @f T. M. Cover and J. A. ThomasElements of Information Thearydohn
statistical estimation. Wiley and Sons, Inc., 1991.

This work bene ted greatly from stimulating discussions
ith Bruno Jedynak, and was partially supported by National
Science Foundation Grants ITR-0225656 and 11S-9982329.



